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Abstract
The most momentous requirement a quantum theory of gravity must satisfy is
Background Independence, necessitating in particular an ab initio derivation of the
arena all non-gravitational physics takes place in, namely spacetime. Using the back-
ground field technique, this requirement translates into the condition of an unbroken
split-symmetry connecting the (quantized) metric fluctuations to the (classical) back-
ground metric. If the regularization scheme used violates split-symmetry during the
quantization process it is mandatory to restore it in the end at the level of observable
physics. In this paper we present a detailed investigation of split-symmetry breaking
and restoration within the Effective Average Action (EAA) approach to Quantum Ein-
stein Gravity (QEG) with a special emphasis on the Asymptotic Safety conjecture.
In particular we demonstrate for the first time in a non-trivial setting that the two
key requirements of Background Independence and Asymptotic Safety can be satisfied
simultaneously. Carefully disentangling fluctuation and background fields, we employ
a ‘bi-metric’ ansatz for the EAA and project the flow generated by its functional
renormalization group equation on a truncated theory space spanned by two separate
Einstein-Hilbert actions for the dynamical and the background metric, respectively.
A new powerful method is used to derive the corresponding renormalization group
(RG) equations for the Newton- and cosmological constant, both in the dynamical
and the background sector. We classify and analyze their solutions in detail, deter-
mine their fixed point structure, and identify an attractor mechanism which turns out
instrumental in the split-symmetry restoration. We show that there exists a subset
of RG trajectories which are both asymptotically safe and split-symmetry restoring:
In the ultraviolet they emanate from a non-Gaussian fixed point, and in the infrared
they loose all symmetry violating contributions inflicted on them by the non-invariant
functional RG equation. As an application, we compute the scale dependent spectral
dimension which governs the fractal properties of the effective QEG spacetimes at the
bi-metric level. Earlier tests of the Asymptotic Safety conjecture almost exclusively
employed ‘single-metric truncations’ which are blind towards the difference between
quantum and background fields. We explore in detail under which conditions they can
be reliable, and we discuss how the single-metric based picture of Asymptotic Safety
needs to be revised in the light of the new results. We shall conclude that the next
generation of truncations for quantitatively precise predictions (of critical exponents,
for instance) is bound to be of the bi-metric type.
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1 Introduction
One of the key requirements every candidate for a quantum theory of the gravitational
interaction and spacetime geometry should satisfy is Background Independence. The theory’s
basic kinematical rules and dynamical laws should be formulated without reference to any
distinguished spacetime such as Minkowski space, for instance. Rather, the possible states
of a ‘quantum spacetime’ should be a prediction of the theory. In addition, it must provide
us with a set of special observables which, by means of their expectation values in a given
state, ‘interpret’ this state in terms of classical geometry, or a generalized notion thereof.
Among them the expectation value of the metric would play a significant role. If non-
degenerate, smooth and approximately flat, on large length scales at least, the underlying
state might appear like a classical spacetime macroscopically, possibly similar to the real
Universe we live in. We can then try to match the predictions against concrete measurements
and observations. [1–7]
However, in general one would also expect states without any interpretation in terms
of concepts from classical General Relativity, Riemannian geometry in particular. A simple
example are situations in which the metric has an expectation value which is degenerate,
identically vanishing, for instance. While the gravitational physics implied by such states
is certainly very different from the one we know, they might realize a ‘symmetric phase’ of
gravity which arguably is easier to understand than the broken phase we live in. In the latter,
diffeomorphism symmetry is broken down to the stability group of the metric expectation
value, the Poincare´ group in the flat case.
There exist two fundamentally different approaches to deal with the requirement of
Background Independence. They differ in particular in the way they deal with the rather
severe conceptual and technical difficulties which are caused by this requirement and are of
a kind never encountered in conventional matter field theories on Minkowski space:
(i) The most obvious strategy is to literally employ no background geometry at all in set-
ting up the foundational structures of the theory, then work out its quantum dynamical
consequences, and try to find states on which appropriate geometric operators (metric etc.)
signal the existence of almost classical spacetimes at the expectation value level. Examples
of such literally Background Independent settings include statistical field theory models like
the Causal Dynamical Triangulations (CDT) [8], and Loop Quantum Gravity (LQG) [2–4].
Following this route, there are (at least) two characteristic difficulties one has to cope with.
First, since most of the traditional tools of quantum (field) theory presuppose a rigid back-
ground metric, considerable conceptual problems must be overcome. The proposed solutions
are usually outside the realm of quantum field theory. Often they encode the fundamental
degrees of freedom in new types of variables which replace the quantum fields, triangulated
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spaces or spin-foams being typical examples. Second, at the computational level the diffi-
culty arises that an ab initio explanation of a (non-degenerate, smooth, approximately flat)
macroscopic metric has to bridge an enormous gap of scales if one starts from a microscopic
theory governing the ‘atoms of geometry’. For Planck sized building blocks of spacetime,
say, even the typical scales of particle physics are about 20 orders of magnitude away. This
calls for an application of Wilson’s renormalization group but, again, most of the existing
tools are inapplicable in the background-free context [9].
(ii) Rather than using literally no background at all, ‘Background Independence’ can also
be achieved in the diametrically opposite way, namely by actually taking advantage of back-
ground structures in formulating and evaluating the theory, but making sure that all pos-
sible backgrounds are treated on a completely equal footing. This latter requirement implies
in particular that the background geometry may appear only in intermediate steps of the
calculations while predictions for observable quantities may never depend on it. [10]
This second approach is realized for instance by the Effective Average Action for gravity
[11], a scale dependent analogue of the standard effective action. In the simplest case of
metric gravity it involves a background-quantum field split of the dynamical metric gˆµν ,
the integration variable in the underlying functional integral, in the form gˆµν = g¯µν + hˆµν .
Here g¯µν is the arbitrary classical background metric, and hˆµν a nonlinear fluctuation which
plays the role of the quantum field, i.e. it is functionally integrated over (or promoted to
an operator, in the canonical formulation). Thanks to the presence of the arbitrary but, by
assumption, non-degenerate background metric g¯µν the original problem appears in a new,
somewhat different guise now: it consists in the conceptually easier task of quantizing the,
now matter-like field hˆµν ‘living’ on the classical background geometry given by g¯µν .
At this point the technical challenge resides in the fact that this background is com-
pletely generic and enjoys no special symmetries in particular. However, the availability
of g¯µν opens the door for the application of a considerable arsenal of quantum field the-
ory techniques, namely basically all those that have been developed for matter systems on
Minkowski space or on curved classical backgrounds. The price we pay for this enormous
advantage is that in the hˆµν-theory we must have complete control over the g¯µν-dependence of
all expectation values, the n-point functions of hˆµν in particular. Their 1PI version, with an
infrared (IR) cutoff at the scale k, is generated by the Effective Average Action Γk[h¯µν ; g¯µν ].
As usual this functional depends on the expectation value field h¯µν ≡ 〈hˆµν〉, but also the
background metric, g¯µν , which here acquires the status of an indispensable second argument
of Γk. The expectation value of the full metric is
gµν ≡ 〈gˆµν〉 = g¯µν + 〈hˆµν〉 ≡ g¯µν + h¯µν
2
Sometimes it is more natural to consider gµν and g¯µν , rather than the pair (h¯µν , g¯µν) as the
independent variables on which the Effective Average Action (EAA) depends, and to set
Γk[gµν , g¯µν ] ≡ Γk[h¯µν ; g¯µν ]
∣∣∣
h¯=g−g¯
In this formulation the intrinsic bi-metric character of the EAA becomes manifest. We refer
to the second argument of Γk[gµν , g¯µν ] as its extra g¯µν-dependence since, contrary to the g¯-
dependence within gµν ≡ g¯µν + h¯µν , this ‘extra’ dependence does not combine with h¯µν to
form a full dynamical metric.
As is well known, the EAA satisfies a functional renormalization group equation (FRGE)
which governs its k-dependence [12], and in principle the functional integral over gˆµν can be
evaluated indirectly by solving the FRGE instead [13]. For this to be possible, and the FRGE
to exist in the first place, it is unavoidable to employ a running action functional which ad-
mits an arbitrary extra g¯µν-dependence and, in fact, depends also on Faddeev-Popov ghost
fields ξµ and ξ¯µ, respectively: Γk[gµν , g¯µν , ξ
µ, ξ¯µ]. (See ref. [11] for further details.)
The approaches (i) and (ii) have complementary advantages and disadvantages. In
(i) the strategy of literally avoiding any background, and starting from a ‘vacuum’ state
with no spacetime interpretation at all, it is comparatively easy to describe a possible phase
of unbroken diffeomorphism invariance. But the corresponding broken phase is a very hard
problem since it is due to the cooperative effect of a huge number of ‘atoms of spacetime’.
Conversely, in (ii), the broken phase is the easier one since, at least when the background is
chosen self-consistently so that gµν = g¯µν , the quantum fluctuations can be relatively weak,
with vanishing expectation value h¯µν ≡ 〈hˆµν〉 = 0. The symmetric phase, on the other hand,
requires huge quantum effects as gµν ≡ g¯µν + 〈hˆµν〉 is supposed to vanish identically even
though g¯µν stays always non-degenerate.
In this paper we shall realize Background Independence in the second way, i.e., loosely
speaking, by quantizing the fluctuations of the metric in all possible background spacetimes
at a time. We shall employ the framework of the gravitational EAA in order to explore
its renormalization group (RG) evolution with a particular emphasis on how the amount of
‘extra’ g¯-dependence the functional Γk suffers from depends on the RG scale k. The extra
g¯-dependence is an entirely unphysical artifact present only at intermediate computational
steps. To establish Background Independence it must be turned to zero at the end. In this
paper we shall analyze in detail whether this is always possible and how it can be done.
In the present paper, the main application will be to the Asymptotic Safety conjecture
according to which Quantum Einstein Gravity (QEG) is non-perturbatively renormalizable
at a non-Gaussian RG fixed point [11,13–54]. The crucial issue we shall be concerned with is
whether Asymptotic Safety and Background Independence can be achieved simultaneously.
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The extra g¯-dependence is most conveniently discussed in terms of the background
quantum split-symmetry, its breaking, and its restoration. This symmetry transformation
changes h¯µν and g¯µν according to
δsplitε h¯µν = εµν(x) , δ
split
ε g¯µν = −εµν(x) (1.1)
and it has an obvious action on the functionals1 Γk[h¯; g¯] ≡ Γk[g, g¯]. Here εµν(x) is an
arbitrary symmetric tensor field. Clearly, the full dynamical metric g = g¯ + h¯ is invariant
under δsplitε , while g¯ is not. As a consequence, Γk is invariant under split transformations,
δsplitε Γk = 0, precisely when the two-metrics functional Γk[g, g¯] is actually independent of its
second argument δ
δg¯
Γk[g, g¯] = 0, or equivalently, when Γk[h¯; g¯] happens to be a functional of
the sum of its arguments only, viz. g¯ + h¯ ≡ g.
In order to understand were the unavoidable extra g¯-dependence of the EAA comes
from recall that the EAA derives from a functional integral which, after the split gˆµν →
g¯µν + h¯µν , has the form [11]∫
Dhˆµν
∫
DξµDξ¯µ exp
(
− S[g¯ + hˆ]− Sgf[hˆ; g¯]− Sgh[hˆ, ξ, ξ¯; g¯]−∆Sk[hˆ, ξ, ξ¯; g¯]
)
(1.2)
While the (arbitrary) bare action S[g¯ + hˆ] is indeed δsplitε -invariant, the same is not true for
the gauge fixing term Sgf, the ghost action Sgh, and in particular the cutoff action ∆Sk; it
implements the IR cutoff in the familiar way by mode suppression terms which are quadratic
in the quantum fields [12]. This shows that the very concept of an EAA, namely the idea to
‘coarse grain’ (that is, smoothly regularize in the infrared) a gauge-fixed functional integral
hinges in a crucial way on the availability of g¯µν : neither the gauge fixing, nor the ‘cutting
out’ of the IR modes necessary to derive a functional RG equation could be implemented
without promoting the background metric to an independent entity, different from gµν − h¯µν
in general. That this is indeed necessary is easily traced back to the gravitational field’s
special status among the carriers of the fundamental interactions, namely its very relation
to the geometry of spacetime.2
We also recall that the EAA employs a gauge fixing condition which belongs to the
special class of background gauges, as a result of which Sgf + Sgh is invariant under the
1We suppress the ghosts when they are inessential for the discussion. On them, δsplitε ξ
µ = 0 and
δsplitε ξ¯µ = 0.
2Note that there exists no analogous ‘Background Independence’ issue in Yang-Mills gauge theories on
Minkowski space. There, an ‘extra A¯µ-dependence’ can always be avoided in a trivial way, namely by simply
not using a gauge fixing condition involving a background gauge field, whereupon no such field will appear
anywhere. Not so in gravity: even if we were to give up background gauge invariance and use a g¯µν-free
gauge fixing condition, a mode suppression term ∆Sk with the necessary properties could not even be written
down without having a second metric at our disposal. [11]
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so-called background gauge transformations, δBv , not be confused with the ‘quantum gauge
transformations’ to be fixed, of course. Furthermore, ∆Sk is constructed so as to enjoy
the same invariance property. For a diffeomorphism generated by any vector field v, the
background gauge transformation δBv acts as the Lie derivative Lv on both the dynamical
fields (gˆ, ξ, ξ¯) or (hˆ, ξ, ξ¯), and on g¯µν . Ultimately this leads to an EAA which is an invariant
functional of its arguments, δBv Γk[h¯, ξ, ξ¯; g¯] = 0, and its RG flow preserves this property.
Indeed, starting from (1.2) and defining the EAA functional as in [11], one finally
arrives at the following FRGE which controls its dependence on k or, equivalently, on the
RG-time t ≡ ln k:
∂tΓk[h¯, ξ, ξ¯; g¯] =
1
2
Tr
[(
Γ
(2)
k +Rk
)−1
∂tRk
]
(1.3)
Here Γ
(2)
k is the Hessian of Γk with respect to (h¯, ξ, ξ¯) at fixed g¯, and Rk is the mode suppres-
sion operator defining the quadratic form ∆Sk. Symbolically, ∆Sk ∝
∫
(h¯, ξ, ξ¯)Rk(h¯, ξ, ξ¯)T.
In the limit k → 0, where the IR regulator is removed, Rk and ∆Sk vanish by con-
struction, and as a result Γ ≡ limk→0 Γk coincides with the ordinary effective action, for the
specific (background-type) gauge chosen.
While Γ, like Γk at any k > 0, is perfectly δ
B
v -invariant, it is still not δ
split
ε -invariant:
While one source of split-symmetry violation, the one due to ∆Sk, disappears at k = 0, the
other, the gauge fixing and ghost sector, still precludes complete δsplitε -invariance. However,
in a sense, this is a very weak violation since it concerns the gauge modes only, and should
disappear, too, upon going on-shell [55, 56].
Nevertheless, at intermediate scale k > 0 the RG flow generates in principle all possi-
ble, generically δsplitε -violating functionals Γk[g, g¯, ξ, ξ¯] of four independent arguments. They
are constrained only by their built-in δBv -invariance, and proper approximation schemes for
solving the functional flow equation such as truncations of theory space must take account
of this fact.
To date, almost all available RG studies of the Asymptotic Safety scenario still involve
the same type of approximation to the exact EAA which was used very early on as the first
testing ground for the gravitational FRGE [11], namely a so-called single-metric truncation.
Truncations of this general class project the RG flow implied by the (exact!) equation (1.3)
on the subspace spanned by functionals of the form
Γk[g, g¯, ξ, ξ¯] = Γ
sm
k [g] + (Sgf + Sgh)[g, g¯, ξ, ξ¯] (1.4)
While Γsmk is a generic (diffeomorphism invariant) functional of the dynamical metric only,
Sgf and Sgh are the classical gauge fixing and ghost actions
3, depending on the expectation
3With the running field renormalization of h¯µν as implied by Gk included usually.
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value fields now. An example of (1.4) is the Einstein-Hilbert truncation [11,15,19] in which
Γsmk [g] is specialized further to contain the two invariants
∫ √
gR and
∫ √
g, only, with k-
dependent prefactors involving a running Newton constant Gk and cosmological constant
Λk, respectively.
Because of their quite substantial technical complexity, the work on more general trun-
cations that would go beyond (1.4) started only recently. In [36] a first ‘bi-metric’ trunca-
tion with separate gµν and g¯µν-dependence was analyzed in conformally reduced gravity and,
in [38], for matter induced gravity (in the large N -limit). The first bi-metric investigation
of fully fledged Quantum Einstein Gravity employed a truncation ansatz with two separate
Einstein-Hilbert terms for the dynamical (‘Dyn’) and the background (‘B’) metric [39]. It
consists of the following ‘graviton’ (‘grav’) part, added to the classical gauge fixing and ghost
terms whose RG evolution is still neglected :
Γgravk [g, g¯] = −
1
16πGDynk
∫
ddx
√
g
(
R(g)− 2ΛDynk
)
− 1
16πGBk
∫
ddx
√
g¯
(
R(g¯)− 2ΛBk
)
(1.5)
(Generalizing the truncation in a different direction, single-metric ansa¨tze with a running
ghost sector were studied in [23, 24].)
The present paper has two main purposes:
(1) On the technical side we develop a new computational strategy for deriving the explicit
beta-functions related to bi-metric truncations such as the ‘bi-Einstein-Hilbert truncation’
of eq. (1.5). This is a very hard problem in general since it requires evaluating (‘projecting’)
the functional supertrace on the RHS of the FRGE in dependence on two independent
metrics. Unfortunately there exist basically no standard tools (such as general heat kernel
expansions, etc.) available for this task. This is one of the reasons why, despite their obvious
significance, there are still almost no results on bi-metric truncations available today. The
new strategy which we present here involves a new type of gauge fixing which when applied
to an action like (1.5) allows for a much simpler evaluation of the corresponding traces. We
shall see that in the case of the ‘double Einstein-Hilbert truncation’ (1.5) the derivation of
the beta-functions of its running coupling constants simplifies considerably in comparison
to the approach followed in [39]. There, a transverse-traceless (TT) decomposition of the
fluctuation field h¯µν had been necessary, something that can be completely avoided in the
new approach, reducing the computational effort quite considerably.
(2) The second purpose of this paper is to perform a detailed investigation of the RG flow
related to the bi-metric Einstein-Hilbert truncation using the RG equations derived with
the new method. The analysis will be far more comprehensive than the preliminary one
in ref. [39]. We shall be specifically interested in global properties of the flow, in particular
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the question as to whether Asymptotic Safety can coexist with Backround Independence,
that is, the restoration of split-symmetry at the physical level. This question is not easy to
answer as it requires control over the fully extended RG trajectories, their limits k → ∞
and k → 0 in particular. Coexistence of Asymptotic Safety with Background Independence
implies that there exists at least one RG trajectory k 7→ Γk[g, g¯] which is non-singular for
all k ∈ [0,∞), and which approaches a non-Gaussian fixed point at its upper end, i.e. for
k → ∞, while at the lower end, in the ‘physical’ limit k → 0 where the EAA equals the
ordinary effective action, it is split-symmetry-restoring, i.e. there Γk looses its extra g¯-
dependence.4 In particular on a truncated theory space it is by no means obvious that such
trajectories do indeed exist and both requirements can be met simultaneously.
One of our main results will be that within the bi-Einstein-Hilbert truncation Asymp-
totic Safety and Background Independence can indeed coexist: Some, but not all RG trajec-
tories which emanate from a non-Gaussain fixed point in the UV also restore split-symmetry
in the IR. It will be instructive to uncover the very elegant mechanism of how the concrete RG
differential equations bring about this symmetry restoration; we shall see it involves a mov-
ing attractor in the background part of theory space. We shall see that from a 4-parameter
family of asymptotically safe trajectories a 2-parameter subset is symmetry restoring.
The existence of this subset of symmetry restoring trajectories is good news for the
Asymptotic Safety program for two independent reasons: (i) It shows that at least in this
truncation Asymptotic Safety and Background Independence are not mutually exclusive.
(ii) Since a physically meaningful theory can only be based on a RG trajectory from this
subset it follows that the predictive power of the Asymptotic Safety scenario is actually
higher than what one would expect by just counting relevant perturbations at the fixed
point; the indispensable subsidiary condition of Background Independence narrows down
the possibilities of constructing physically inequivalent theories at a given fixed point.
Recently the crucial importance of split-symmetry has also been demonstrated in a
very impressive way within a 3-dimensional scalar toy model [57]: being careless about its
restoration, one can even destroy the Wilson-Fisher fixed point!
The plan for the following parts of this paper is as follows. In Section 2 we present
and justify in detail our new computational strategy, and apply it to obtain the new beta-
functions for the bi-Einstein-Hilbert truncation. The idea is that in future investigations
similar strategies can be applied to more general truncations which are too complex to be
dealt with by standard methods.
In Section 3 we present and discuss the general properties of the concrete RG equa-
tions based on the new beta-functions. While these equations should describe the same
4Except the one due to the gauge modes, to be precise.
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physics as those obtained in the approach using the TT-decomposition, their mathematical
appearance is quite different. Here, and throughout the rest of the main body of this paper
(except Section 8), we focus on d = 4 spacetime dimensions; the main results for arbitrary
dimensionalities can be found in the Appendix, in tabulated form. The main physics result
we shall find in this section is that, according to the bi-metric analysis, and in sharp contra-
diction to all single-metric results, there is no gravitational anti-screening in the semiclassical
regime.
In Section 4 we start the detailed investigation of the RG flow by finding and clas-
sifying all its fixed points, exploring their properties, and assessing their eligibility for the
Asymptotic Safety construction.
Then, in Section 5, we present a detailed analysis of the global properties of the
RG flow. In particular we demonstrate that Asymptotic Safety and Background Indepen-
dence are indeed compatible by explicitly constructing RG trajectories which restore split-
symmetry in the IR. We explain how the special properties of these trajectories come about
and we uncover the role played by a moving attractor point in theory space.
Section 6 contains a very detailed comparison of the bi-metric Einstein-Hilbert trun-
cation with its single-metric approximation. The goal of this section is to find out under
what conditions the latter is sufficiently reliable, and under what circumstances it is manda-
tory to employ the former. We shall find the somewhat ‘miraculous’ result, unexplained by
any general principles, that the single-metric approximation seems to perform best near a
non-Gaussian fixed point.
Since Section 6 is rather technical, and mostly intended to establish the lessons one
can learn from the present calculation and which can help to design future truncations other
approximations optimally, this section can be skipped by the reader who is mostly interested
in the new results.
Section 7 contains a first application of the bi-metric RG equation: we compute the
scale dependent spectral dimension of the effectively fractal spacetimes QEG gives rise to.
In Section 8 we briefly comment on the bi-metric RG flow in d = 2 + ε and d = 3
spacetime dimension. Near 2 dimensions, where all Newton constants become dimensionless,
their beta-functions contain a universal leading term which we compute. The resulting
universal discrepancies between the single- and the bi-metric results are rather striking. In
this setting it becomes particularly obvious that single-metric approximations can be very
misleading even at the qualitative level already.
Finally, Section 9 contains a short summary and our conclusions.
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2 The ‘bi-Einstein-Hilbert truncation’
This section is devoted to the steps leading from the truncation ansatz for the effective
average action to the beta-functions for the running couplings it contains. An important role
will be played by the new calculations scheme based upon the ‘deformed α = 1 harmonic
gauge’ we are going to employ here.
2.1 The ansatz for Γk
In the following we shall employ a truncation ansatz for the effective average action
(EAA) which is a sum of the following three parts:
Γk[g, g¯, ξ, ξ¯] = Γ
grav
k [g, g¯] + Γ
gf
k [g, g¯] + Γ
gh
k [g, g¯, ξ, ξ¯] (2.1)
The first term of the EAA, Γgravk [g, g¯], is an arbitrary functional of both metrics, gµν and g¯µν ,
whose form will be fixed later on. To define the second term, the gauge fixing contribution,
we introduce the differential operator
Fαβµ [g¯] ≡ δβµ g¯αγD¯γ −̟g¯αβD¯µ (2.2)
which defines the gauge fixing condition: Fαβµ [g¯]h¯αβ != 0. This operator, containing a free
parameter ̟, covers both the familiar harmonic gauge (̟ = 1/2) as well as the ‘anharmonic
gauge’ used in [39] which has ̟ = 1/d. The ‘square’ of Fαβµ [g¯]h¯αβ yields our ansatz for the
running gauge fixing action which is of the classical form essentially:
Γgfk [g, g¯] =
1
32παˆk
∫
ddx
√
g¯ g¯µν
[
Fαβµ [g¯] (gαβ − g¯αβ)
][
Fρσν [g¯] (gρσ − g¯ρσ)
]
(2.3)
Here αˆk is a running α-parameter; our assumptions about its k-dependence will be spelled
out in a moment. The third term in eq. (2.1) is taken to be the classical ghost action
associated to the above gauge fixing by the Faddeev-Popov trick. Hence, it is bilinear in the
ghost fields,
Γghk [g, g¯, ξ, ξ¯] = −
√
2ρgh k
∫
ddx
√
g¯ ξ¯µM[g; g¯]µν ξν (2.4)
It involves the Faddeev-Popov operator M[g; g¯] which is defined to act on contravariant
vectors ξ according to
M[g; g¯]µν ξν = g¯µλFρσλ [g¯]Lξgρσ (2.5)
where Lξ denotes the Lie derivative with respect to ξ. In the ghost action (2.4) the overall
prefactor ρgh k is an a priori k-dependent generalized coupling.
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In the sequel, we further narrow down our truncation by making a specific ansatz for
Γgravk . Since the effective average action contains all possible field monomials, a suitable
ansatz may contain any number of curvature invariants built from both gµν and g¯µν , as well
as their associated covariant derivatives. In the purely dynamical, i.e. the gµν-sector the
Einstein-Hilbert truncation, which we are going to use in the following, is the first choice for
at least two reasons: First, in a systematic derivative expansion it constitutes all invariants
up to second order on manifolds without boundary. Second, General Relativity is known to
be a very good description of gravity in the infrared (IR). Thus, its action should be included
in any truncation that wants to reproduce GR as an effective field theory at low scales k.
As for the g¯µν-dependence, there are various obvious field monomials with 2 derivatives
that could accompany the Einstein-Hilbert term in the gµν-sector: besides
√
g¯R¯ there exists
an infinite number of mixed terms, such as
(√
g√
g¯
)n√
gR¯ and
(√
g¯√
g
)n√
g¯R, for instance. How-
ever, following ref. [39] we will focus on the
√
g¯R¯ term here and discard the other possibilities
in the sequel.5 Thus we consider only actions which are of Einstein-Hilbert type with respect
to both gµν and g¯µν .
More precisely, we shall compute RG flows on the 4-dimensional subspace of theory
space which is described by actions of the form:
Γgravk [g, g¯] = −
1
16πGDynk
∫
ddx
√
g
(
R(g)− 2ΛDynk
)
− 1
16πGBk
∫
ddx
√
g¯
(
R(g¯)− 2ΛBk
)
(2.6)
The 4 running coupling constants GDynk (Λ
Dyn
k ) and G
B
k (Λ
B
k ) correspond to the Newton’s (cos-
mological) constants for the dynamical and the background sector, respectively. Throughout
the present paper we shall consider the truncation with (2.3), (2.4), and (2.6), respectively.
5Using different methods, a calculation distinguishing gµν and g¯µν has also been reported in ref.
[58]. However, we disagree with respect to its identification of ‘physical’ (=dynamical) and ‘unphysical’
(=background) couplings. (Indeed, the fixed point found in [58] is numerically close to our ‘unphysical’
NGB+⊕GDyn-FP, see below.) In ref. [59] a very general momentum dependence for h¯µν was retained (ver-
tex expansion), but to become technical feasible the background had to be restricted to g¯µν = δµν , and the
status of split-symmetry (and general covariance) is unclear.
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2.2 The level expansion
It will be very stimulating to reformulate the ansatz Γk = Γ
grav
k +Γ
gf
k +Γ
gh
k in terms of
the fluctuation field h¯µν = gµν − g¯µν along with g¯µν , instead of gµν with g¯µν . Hence we have,
up to terms of second order in h¯µν :
Γgravk [h¯; g¯] = −
1
16πG
(0)
k
∫
ddx
√
g¯
(
R(g¯)− 2Λ(0)k
)
− 1
16πG
(1)
k
∫
ddx
√
g¯
[
− G¯µν − Λ(1)k g¯µν
]
h¯µν
− 1
2
∫
ddx
√
g¯ h¯µν Γ
grav (2)
k [g¯, g¯] h¯ρσ +O(h¯3) (2.7)
Here Γ
grav (2)
k is the Hessian of the functional (2.6), the matrix of its second functional deriva-
tives with respect to the metric gµν , evaluated at g = g¯; it contains G
(2)
k and Λ
(2)
k .
Eq. (2.7) displays the first three orders of what we call the level expansion of the EAA.
By definition, the ‘level’ of a field monomial equals the number of h¯µν-factors it contains.
The running couplings at level p are denoted by a superscript (p) throughout.
Comparing (2.6) to (2.7) we can read off the coefficients at level zero for instance:
1
G
(0)
k
=
1
GBk
+
1
GDynk
,
Λ
(0)
k
G
(0)
k
=
ΛBk
GBk
+
ΛDynk
GDynk
. (2.8)
The ansatz (2.6) with its 4 independent couplings {GBk , ΛBk , GDynk , ΛDynk } is equivalent to
an ansatz of the type (2.7); generically it contains infinitely many different couplings G
(p)
k ,
Λ
(p)
k , · · · . In the special case of the ‘bi-Einstein-Hilbert truncation’ they are not independent
however but satisfy
G
(0)
k =
GDynk G
B
k
GDynk +G
B
k
, G
(1)
k = G
(2)
k = · · · = GDynk , (2.9a)
Λ
(0)
k =
ΛDynk G
B
k + Λ
B
k G
Dyn
k
GDynk +G
B
k
, Λ(1) = Λ(2) = · · · = ΛDynk . (2.9b)
It will often be instructive to switch back and forth between the (g, g¯)-language employing
the ‘B’ and ‘Dyn’ parameters, and the (h¯; g¯)-language with G
(p)
k , Λ
(p)
k , p = 0, 1, 2, · · · .
In case of fully intact split-symmetry the terms of the different levels stem from a
Taylor expansion of Γgravk [g¯ + h¯, 0], i.e. the EAA can be rewritten as a functional of one
metric only, g = g¯ + h¯, i.e. it has no ‘extra g¯-dependence’ [11]. This situation corresponds
for the EAA of eq. (2.7) to the special case where
G
(0)
k = G
(1)
k = G
(2)
k = · · · , and Λ(0)k = Λ(1)k = Λ(2)k = · · · (split-sym.) (2.10)
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In the (g, g¯)-language, these relations are satisfied if the ‘B’ part of the EAA in (2.6) is
completely vanishing,
1
GBk
= 0 , and
ΛBk
GBk
= 0 (split-sym.) (2.11)
or, stated differently, when Γgravk [g, g¯] is actually independent of its second argument, g¯.
In general split-symmetry is broken by the gauge fixing and the coarse graining terms in
the action, and there is no guarantee for the existence of trajectories satisfying the conditions
(2.10) or equivalently (2.11) for some interval of scales k. However, there might be regions in
theory space and scales where these conditions are fulfilled, or at least fulfilled approximately.
In these cases a single-metric description is well applicable. From eq. (2.11) we see that if
1/GBk and Λ
B
k /G
B
k are very small, in particular in comparison to their ‘Dyn’ counterparts
(GBk ≫ GDynk and ΛBk / ΛDynk ), split-symmetry is realized at an approximate level.
2.3 The conformal projection technique
A truncated theory space is in general not invariant under the RG flow, due to the
fact that the FRGE generates terms not present in the original ansatz for Γk. In the present
case the RHS of the FRGE contains invariants with higher powers of R, R¯, (ξξ¯), · · · , for
instance, while its LHS consists of only a few of them, namely those invariants retained in
the truncation ansatz 2.6. Thus, in order to complete the specification of the truncation it
is necessary to define a projection of the RHS onto exactly those field monomials. When
applying it to the supertrace we need a technique to distinguish between contributions to R¯
and R. In this paper we define the projection in the same way as in ref. [39]. The essential
step is to conformally relate the two metrics involved as follows: gµν(x) = e
2Ωg¯µν(x). Then,
after having eliminated gµν in favor of Ω and g¯µν , we expand the supertrace in the flow
equation in powers of the x-independent conformal factor Ω. For Ω = 0 we obtain the
invariants built from g¯, whereas the level-(1) invariants ∝ h¯ are identified as those linear in
Ω.
For the t-derivative of Γgravk on the LHS of the FRGE this ‘conformal projection’ yields,
to the required order in Ω,
∂tΓ
grav
k [g = e
2Ωg¯, g¯] =
(
1
8pi
∂t [Λ
(0)
k /G
(0)
k ] +
dΩ
8pi
∂t [Λ
Dyn
k /G
Dyn
k
) ∫
ddx
√
g¯
−
(
1
16pi
∂t [1/G
(0)
k ] +
(d−2) Ω
16pi
∂t [1/G
Dyn
k ]
) ∫
ddx
√
g¯ R¯ +O(Ω2) (2.12)
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Under the conformal projection the gauge fixing action is identical zero, Γgfk [e
2Ωg¯, g¯] = 0.
Thus, the running of the gauge parameter αˆk can not be resolved with this method. Finally,
in the ghost sector the LHS of the flow equation reduces under the conformal projection to
∂tΓ
gh
k [g = e
2Ωg¯, ξ, ξ¯, g¯]
= −
√
2 (1 + 2Ω) [∂tρgh k]
∫
ddx
√
g¯ ξ¯µ
[
δµν D¯
2 + (1− 2̟)D¯µD¯ν + R¯µν
]
ξν (2.13)
Incidentally, note that for the harmonic gauge, ̟ = 1/2, the ghost action, and therefore
the entire truncation ansatz, does not contain any covariant derivative D¯µ that would not
be contracted to a Laplacian D¯2 ≡ g¯µνD¯µD¯ν .
In the following we consider only the more special truncations where the ghost’s wave
function renormalization factor is assumed constant: ρgh k ≡ ρgh. Then, ∂tΓghk = 0, yielding
a LHS of the FRGE that does not depend on the ghost fields any longer. This simplifies
matters considerably since it is now sufficient to evaluate the RHS of the flow equation for
ξ = 0 = ξ¯, after having performed the functional derivatives. (A more detailed investigation
of ghost sector can be found in [23, 24].)
2.4 Structure of the Hessian operator
Next, let us turn our attention to the functional traces on the RHS of the FRGE
(1.3). The first step towards the beta-functions is the evaluation of the Hessian of the
EAA with respect to the dynamical fields. In the truncated theory space considered, we
achieve a significant simplification of Γ
(2)
k by exploiting that we may set ξ = 0 = ξ¯ after the
corresponding differentiations, yielding
Γ
(2)
k [g = e
2Ωg¯, g¯, ξ = 0, ξ¯ = 0] (2.14)
=

(
Γ
(2)
k
)
gg
(
Γ
(2)
k
)
gξ
(
Γ
(2)
k
)
gξ¯(
Γ
(2)
k
)
ξg
0
(
Γ
(2)
k
)
ξ¯ξ(
Γ
(2)
k
)
ξ¯g
(
Γ
(2)
k
)
ξξ¯
0

∣∣∣∣∣∣∣∣∣∣g=e2Ωg¯,
ξ=0=ξ¯
=

(
Γ
(2)
k
)
gg
0 0
0 0
(
Γ
(2)
k
)
ξ¯ξ
0
(
Γ
(2)
k
)
ξξ¯
0

∣∣∣∣∣∣∣∣∣∣
g=e2Ωg¯
The mixed variations with respect to g and ξ or ξ¯, i.e.
(
Γ
(2)
k
)
gξ
,
(
Γ
(2)
k
)
gξ¯
, · · · , are linear in
either the ghost or anti-ghost field. After inverting Γ
(2)
k +Rk they yield contributions of at
least linear order in (ξξ¯) and thus are beyond the scope of our truncation ansatz. So, it
is sufficient to set ξ = 0 = ξ¯ on the RHS, yielding a block diagonal structure of Γ
(2)
k and,
provided Rk is chosen appropriately, for the entire operator under the supertrace which no
longer couples the graviton to the ghost sector.
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In the graviton (‘gg’) block, the Hessian of the gauge fixing and dynamical action
combine to
Γ
(2)
k [e
2Ωg¯, g¯]µνρσgg = −
1
32παˆk
[
g¯ρµg¯σν + (2̟2 − 1)g¯µν g¯ρσ
]
D¯2
− 1
32παˆk
(1− 2̟)
[
g¯ρσD¯µD¯ν + g¯µνD¯σD¯ρ
]
+
1
32π
[
1
αˆk
− e
(d−6)Ω
GDynk
]
Kµνρσ[g¯]
+
1
16παˆk
[
g¯νσR¯µρ + R¯ρµνσ
]
+
e(d−6)Ω
32πGDynk
Uµνρσ[g¯] (2.15)
Here we already inserted the conformal relation g = e2Ωg¯. The first three terms in equation
(2.15) contain differential operators of various types, some contracted to Laplacians D¯2,
others with uncontracted open indices, D¯µD¯ν . The operator K in the third term is a mixture
of both types:
Kµνρσ[g¯] ≡ −2g¯νσD¯ρD¯µ +
(
g¯µνD¯ρD¯σ + g¯ρσD¯µD¯ν
)
− (g¯µν g¯ρσ − g¯µρg¯νσ) D¯2 (2.16)
The remaining terms in (2.15) are ultra-local, potential-type operators containing the Rie-
mann tensor and its contractions. The first one ∝ 1/αˆk stems from the gauge fixing Hessian
and the second, proportional to
Uµνρσ[g¯] ≡
(
R¯− 2e2ΩΛDynk
)(
g¯µρg¯νσ − 1
2
g¯ρσg¯µν
)
− 2
(
g¯µρR¯νσ + g¯νρR¯µσ
)
+
(
g¯µνR¯ρσ + g¯ρσR¯µν
)
(2.17)
stems from the gravitational Hessian in the ‘Dyn’ sector.
In the ghost-ghost block of the matrix (2.14) we encounter the matrix elements
Γ
(2)
k [e
2Ωg¯, g¯]ξξ¯
µ
ν
=
√
2 e2Ω
{
R¯µν + (1− 2̟)D¯µD¯ν + δµν D¯2
}
−
√
2 e2Ω (1− 2̟)R¯µν (2.18a)
Γ
(2)
k [e
2Ωg¯, g¯]ξ¯ξ
µ
ν
= −
√
2 e2Ω
{
R¯µν + (1− 2̟)D¯µD¯ν + δµν D¯2
}
(2.18b)
Notice that the operators (2.18a) and (2.18b) are indeed Hermitian adjoints of each other
w.r.t. the usual L2 inner product. The source of the term
√
2 e2Ω (1−2̟)R¯µν that spoils the
simple relation
(
Γghk
)(2)
ξ¯ξ
= −
(
Γghk
)(2)
ξξ¯
is the uncontracted derivative contribution proportional
to (1− 2̟) that appears when reordering D¯µD¯ν after the integration by parts.
In the case of ̟ = 1/2 these contributions vanish. As a result, the RHS of the FRGE,
in the ghost sector, contains covariant derivatives only as fully contracted Laplacian D¯2.
Next we shall try to fix the gauge in such a way that an analogous simplification occurs in
the ‘gg’-sector as well.
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2.5 The ‘Ω deformed’ α = 1 harmonic gauge
The remaining task is to actually compute the RHS of the truncated FRGE, thereby
retaining only the field monomials which are contained in the ansatz for the EAA. We would
like to take advantage of known asymptotic expansions for the heat kernels of the operators
involved. This would be particularly easy if those operators were functions of the Laplacian
D¯2. A priori this is not the case, however. There are also operators such as D¯µD¯ν with
uncontracted indices. One strategy to deal with them is to decompose the fields h¯µν , ξ
µ, and
ξ¯µ into a sum of differentially constrained fields along the lines of the transverse-traceless
(TT)- or York-decomposition. This was the strategy used in ref. [39].
In the present paper, we instead employ a different method that uses the gauge freedom
to cancel all non-Laplacian differential operator terms. We will call it the ‘Ω deformed α = 1
harmonic gauge’, for reasons we shall explain in the following.
2.5.1 The motivation
We have already noticed that the harmonic gauge ̟ = 1/2 reduces the operators
occurring in the flow equation, in the ghost sector, to a function of the fully contracted
Laplacian operator only. All operators of the type D¯µD¯ν are proportional to (1− 2̟) and
drop out in the harmonic gauge.
In the graviton sector, the action Γgravk itself is free of such operators, but on the
RHS of the flow equation they appear in its Hessian. In fact, employing the harmonic
gauge ̟ = 1/2 the second term of equation (2.15), that contains uncontracted differential
operators, vanishes. However, there is another source of troublesome covariant derivatives,
namely those contained in Kµνρσ[g¯]. They are proportional to
(
αˆ−1k − e(d−6)Ω/GDynk
)
. As a
result, they disappear if we pick the following gauge parameter:
αˆk = G
Dyn
k e
−(d−6)Ω = GDynk
[
1− (d− 6)Ω +O(Ω2)
]
(2.19)
Before continuing note that αˆk has the same mass dimension (2 − d) as the Newton
constants, GDynk in particular, it is natural to define the dimensionless gauge fixing parameter
αk ≡ αˆk
GDynk
(2.20)
Then the preferred choice (2.19) corresponds to the value, up to O(Ω2) terms,
αk = 1− (d− 6)Ω ≡ α (2.21)
Note that this α happens to be scale independent.
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Indeed, in all single-metric (‘sm’) calculations following ref. [11] the coefficient of the
gauge fixing action has been parametrized as
αˆk = α
smGsmk , (2.22)
and it was then the choice αsmk ≡ α = 1 that removed the uncontracted derivatives.
In order to achieve the same effect in the dynamical sector of the bi-metric setting we
would have to generalize this choice in a Ω-dependent way, namely α = e(6−d)Ω. Since only
terms linear in Ω are relevant, we can think of
α = 1− (d− 6)Ω +O(Ω2) (2.23)
as being infinitesimally close to unity. It is this choice, eq. (2.23), which we refer to as the
‘Ω deformed α = 1 gauge’.
2.5.2 The justification
It should be clear that in general disposing of α as in (2.23), i.e. making it Ω dependent,
is by no means legitimate from the conceptual point of view: The factor Ω represents the
dynamical metric, g = e2Ωg¯, it cannot appear in the final answer for the beta functions, but
is rather a book keeping parameter we should expand in to disentangle terms with different
powers of h¯µν . The beta functions at levels (0) and (1), respectively, are obtained from the
Taylor expansion of the traces:
Tr[· · · ] = Tr[· · · ]
∣∣∣
Ω=0
+ Ω
d
dΩ
Tr[· · · ]
∣∣∣
Ω=0
+O(Ω2) (2.24)
If we decide to eliminate the uncontracted covariant derivatives by giving the formally Ω-
dependent value (2.23) to α we pay a price, namely we neglect a certain contribution to the
linear term in (2.24), Ω d
dΩ
Tr[· · · ], which arises through the Ω-dependence of α ≡ e(6−d)Ω. By
the chain rule, it has the form
(6− d)Ω d
dα
{
Tr[· · · ]
∣∣∣
Ω=0
}∣∣∣∣
α=1
(2.25)
Now, the crucial observation is that the trace at Ω = 0 whose α-derivative is taken here is to
justify our choice, equals precisely the trace which appears in the single-metric computation.
Its α-dependence has been investigated in detail in ref. [15] and found to be rather small.
In particular varying α over the interval from α = 0 to α = 1 causes changes in the flow
properties which are smaller than those due to the cutoff scheme dependence and trunca-
tion error which, in fact, supplied the justification for setting αk equal to a k-independent
constant. This implies that, at the level of accuracy we may expect on the basis of the
truncations already made, the term (2.25) is indeed negligible because Tr[· · · ]
∣∣∣
Ω=0
has no
significant α-dependence near α = 1. Thus, in a truncation which neglects the running of α
also the piece missed by the deformed gauge, (2.25), may be omitted.
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2.5.3 A second, independent justification
Formally using a Ω-dependent α-parameter calls for careful consideration of the re-
sulting mixing of level-(0) with higher level contributions, which has to be kept as small
as possible. Indeed, there is a way to justify the choice (2.23) from a different perspective.
Assume we had started with a slightly different truncation ansatz in which the gauge fixing
action, Γgfk , is substituted with
Γ
(γ)
k [g, g¯] =
(
1− 1
γ
)
αˆk
αˆnew
k
Γgfk [g, g¯] +
1
γ
Γsubsk [g, g¯] (2.26)
Here γ 6= 0 is a constant introduced for later convenience. Furthermore, Γsubsk [g, g¯] is a new
functional which under the conformal projection (g = e2Ωg¯), is required to obey Γsubsk [g =
e2Ωg¯, g¯] = 0, and (δ2g Γ
subs
k )[g = e
2Ωg¯, g¯] = eγ(d−6)Ω (αˆk/αˆnewk )(δ
2
g Γ
gf
k )[g = e
2Ωg¯, g¯]. The first
condition guarantees that ∂tΓk remains unchanged, and the second requirement assures that
the old and the new Hessians Γ
(2)
k agree at linear order in Ω for a certain choice of αˆ
new
k .
Expanding the Hessian of (2.26) in powers of Ω,
(δ2g Γ
(γ)
k )[g = e
2Ωg¯, g¯] =
(
1 + (d− 6)Ω
)
(αˆk/αˆ
new
k )(δ
2
g Γ
gf
k )[g = e
2Ω, g¯] +O(Ω2) (2.27)
we find it proportional to the ‘old’ gauge fixing contribution. The additional prefactor can
be absorbed by a redefinition of the gauge parameter as follows:
αˆk ≡
(
1− (d− 6)Ω +O(Ω2)
)
αˆnewk . (2.28)
The Hessians are equal then: (δ2g Γ
(γ)
k )[g = e
2Ωg¯, g¯] = (δ2g Γ
gf
k )[g = e
2Ω, g¯] + O(Ω2). This in
turn implies that the above steps for removing the uncontracted covariant derivatives work
with all choices of Γ
(γ)
k , however now with the parameter
αˆnewk = G
Dyn
k ⇔ αnewk = 1 (2.29)
Within the generalized truncations (2.26), a Ω-independent choice for αˆnewk is sufficient to
account for the same simplification on the LHS of the flow equation that we used in the
original ansatz with only Γgfk containing the Ω-dependent coupling αˆk. This Ω-dependence
of a coupling in the truncation ansatz is thus merely an artifact of the conformal projection
on the set of all possible invariants whereby different level-(p) monomials lead to the same
Hessian. In this sense the Ω-dependence of αˆk can be thought of as a method for implicitly
including additional field monomials in the truncation ansatz that lead to a removal of
uncontracted covariant derivatives without introducing any new effects, otherwise.
There are several suitable candidates for Γsubsk [g, g¯] of which we consider here only those
of the form
Γsubsk [g, g¯] =
1
32παˆnewk
∫ √
g¯ g¯µν F˜ (γ)µ [g, g¯] F˜
(γ)
ν [g, g¯] (2.30)
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For the choice γ = 2 the prefactor of the gauge fixing action in eq. (2.26) is 1/2. The
‘missing’ half in the Hessian of the RHS of the flow equation now stems from the level-(2)
contribution of Γsubsk [g, g¯]. All higher level terms are new, additional field monomials with
identical prefactors fixed by αˆnewk . Possible choices of the structure given in (2.30) with γ = 2
include
F˜ 2; Iµ [g, g¯] =
√
g√
g¯
gαλgβρgκσ
[
g¯µρg¯λσ −̟ g¯µσg¯λρ
]
D¯κ
(
gαβ − g¯αβ
)
(2.31a)
F˜ 2; IIµ [g, g¯] =
√
g√
g¯
gβλg¯λρg¯µσ
[
gακgσρ −̟ gαρgκσ
]
D¯κ
(
gαβ − g¯αβ
)
(2.31b)
It is straightforward to verify that all requirements on Γsubsk [g, g¯] are indeed fulfilled by these
examples. (Notice that additional terms appearing in the Hessian associated to the action
(2.30) are zero when evaluated for the conformally related metrics, g = e2Ωg¯.)
Another interesting option is γ = 1. In this case one actually replaces the gauge
fixing action of the original truncation ansatz (2.3) with a new action containing the gauge
fixing condition F˜ 1µ [g, g¯] = 0. This choice requires however a new Faddeev-Popov operator
M˜µν [g, g¯] that corresponds to this gauge fixing. If we want to leave the RHS of the flow
equation unchanged, we have to adopt an additional modification in the ghost sector.
First of all notice that with the choice (2.30) the requirements put on Γsubsk [g, g¯] can
be transferred to requirements on F˜ γµ [g, g¯]. We obtain F˜
γ
µ [e
2Ωg¯, g¯]
!
= 0 from the vanishing
of Γsubsk [g, g¯] under the conformal projection, and (δ
1
gF˜
γ
µ )[e
2Ωg¯, g¯] = eγ(d−6)Ω/2(δ1gF
γ
µ )[e
2Ωg¯, g¯]
follows from the second criterion and by using F˜ γµ [e
2Ωg¯, g¯]
!
= 0. Neglecting ghost contribu-
tions on the RHS of the flow equation allows us to rewrite the new Faddeev-Popov operator
as being proportional to the original one, namely
M˜µν [g = e2Ωg¯, g¯] = eγ(d−6)Ω/2Mµν [g = e2Ωg¯, g¯] (2.32)
This change ofM could be compensated by a Ω-dependent ghost coupling ρgh in the original
truncation. Thus, if there is a gauge fixing condition of the type
F˜ 1;Iµ [g, g¯] =
(√
g√
g¯
gλκg¯λκ
)1/2 (
δβµg
αρD¯ρ −̟gαβD¯µ
)
(gαβ − g¯αβ) (2.33)
for instance, it would correspond to the choice αˆk = G
Dyn
k
[
1 + (6 − d)Ω + O(Ω2)
]
and
ρgh =
[
1 + γ
2
(d − 6)Ω
]
ρnewgh for the gauge parameter and the ghost coupling, respectively, in
a truncation with the gauge fixing action of eq. (2.3). We shall not continue the analysis of
these possibilities in the present paper.
2.5.4 The Hessian simplified
From now on we shall adopt the deformed α = 1 harmonic gauge (̟ = 1/2) which
then eliminates the technically difficult uncontracted covariant derivatives. Later on in this
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paper we shall provide another independent justification of this procedure by comparing our
results to those of the calculation in ref. [39] where the uncontracted derivatives had been
dealt with by a transverse-traceless decomposition of h¯µν .
When we employ the deformed α = 1 gauge in our truncation the resulting Hessian
simplifies considerably. In the gg-sector it is given by
Γ
(2)
k [e
2Ωg¯, g¯]µνρσgg =
e(d−6)Ω
32πGDynk
[(
g¯ρµg¯σν − 1
2
g¯µν g¯ρσ
)(
− D¯2 + R¯− 2e2ΩΛDynk
)
+ 2R¯ρµνσ − 2gµρRνσ + gµνRρσ + gρσRµν
]
(2.34)
The cancellation of all uncontracted differential operators in the ghost-sector leads to
Γ
(2)
k [e
2Ωg¯, g¯]ξξ¯
µ
ν
=
√
2 e2Ω
{
R¯µν + δ
µ
ν D¯
2
}
(2.35)
and its Hermitian adjoint operator reads
Γ
(2)
k [e
2Ωg¯, g¯]ξ¯ξ
µ
ν
= −
√
2 e2Ω
{
R¯µν + δ
µ
ν D¯
2
}
(2.36)
Now all operators occurring under the traces on the RHS of the FRGE are functions of the
Laplacian D¯2 alone, and we can easily apply the standard heat kernel techniques to compute
the beta-functions for the four couplings of interest, GDynk , Λ
Dyn
k , G
B
k , and Λ
B
k .
2.6 Projecting onto the relevant invariants
To obtain the beta-functions we can now follow the lines of ref. [11] where the corre-
sponding single-metric calculation had been performed. The only change in the FRGE are
the (x-independent!) factors of Ω which indicate the level a certain term belongs to.
To evaluate the functional traces we first decompose the metric fluctuations into its
traceless and its trace part: h¯µν = h¯
T
µν +
1
d
g¯µν(g¯
ρσh¯ρσ). In the next step we then express the
Ricci and Riemann tensor everywhere in terms of the scalar curvature R¯ by inserting the
maximally symmetric metric of a round Sd, exactly as in ref. [11]. Since the scalar curvature
occurs in the resulting Γ
(2)
k , we Taylor-expand the traces in terms of R¯ explicitly, and then
apply the heat kernel expansion
Tr
[
esD¯
2
]
=
tr(I)
(4πs)d/2
{∫
ddx
√
g¯ +
1
6
s
∫
ddx
√
g¯ R¯ +O(s2)
}
(2.37)
in order to take account of the g¯-dependence residing in the Laplacian D¯2. In the end, we
compare the LHS of the flow equation to its evaluated and projected RHS and read off the
k-derivatives ∂tG
Dyn
k , · · · of all 4 running couplings, GDynk , ΛDynk , GBk , and ΛBk .
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To disentangle the dynamical and the B-couplings, we hereby expand both sides in
terms of Ω; the zeroth order in Ω identifies the level-(0) beta-functions, and the linear order
those at all higher levels p = 1, 2, · · · .
Finally we introduce dimensionless running couplings:
gIk = k
d−2GIk , λ
I
k = k
−2ΛIk , I ∈ {Dyn, B, (0), (1), (2), · · · } (2.38)
The superscript I stands for either ‘Dyn’ or ‘B’, or for the level (p), depending on the
language chosen. Furthermore, for each one of the Newton constants we define an associated
anomalous dimension by
ηI ≡ ∂t lnGIk , I ∈ {Dyn,B, (0), (1), (2), · · · } (2.39)
When using (2.38) and (2.39) to rewrite the dimensionful beta-functions in dimensionless
terms we have reached our goal and derived the system of four coupled, autonomous differen-
tial equations which describes the RG flow of the EAA in the bi-Einstein-Hilbert truncation.
2.7 The truncated system of RG differential equations
In the Dyn-B formulation, the four independent differential equations describe the k-
dependence of the dimensionless couplings {gDynk , λDynk , gBk , λBk }. Following the steps described
above, one finds that their general structure is as follows:
∂tg
Dyn
k = β
Dyn
g (g
Dyn
k , λ
Dyn
k ) ≡
[
d− 2 + ηDyn(gDynk , λDynk )
]
gDynk (2.40a)
∂tλ
Dyn
k = β
Dyn
λ (g
Dyn
k , λ
Dyn
k ) (2.40b)
∂tg
B
k = β
B
g (g
Dyn
k , λ
Dyn
k , g
B
k ) ≡
[
d− 2 + ηB(gDynk , λDynk , gBk )
]
gBk (2.40c)
∂tλ
B
k = β
B
λ (g
Dyn
k , λ
Dyn
k , g
B
k , λ
B
k ) (2.40d)
We observe an important hierarchy among the four RG equations: The two equations for the
‘Dyn’ sector close among themselves and do not contain the ‘B’ couplings, while conversely
the ‘Dyn’ couplings do appear in the beta-functions of the ‘B’ sector.
The equivalent system of equations in level language can be written in terms of the 4
independent couplings {g(0)k , λ(0)k , g(1)k , λ(1)k } since, within the present truncation, all remaining
ones are equal to those at level one: g
(p)
k = g
(1)
k and λ
(p)
k = λ
(1)
k for all p ≥ 1. Clearly, for
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the dimensionless couplings too we can switch easily from the Dyn-B-description to the
level-language using eqs. (2.9a), (2.9b) and (2.38):
g
(0)
k =
gDynk g
B
k
gDynk + g
B
k
and g
(p)
k = g
Dyn
k for all p ≥ 1 ,
λ
(0)
k =
λDynk g
B
k + λ
B
k g
Dyn
k
gDynk + g
B
k
and λ
(p)
k = λ
Dyn
k for all p ≥ 1 . (2.41)
The ensuing relation among the anomalous dimensions reads
η(0)
g
(0)
k
=
ηDyn
gDynk
+
ηB
gBk
and
η(p)
g
(p)
k
=
ηDyn
gDynk
for all p ≥ 1 . (2.42)
The RG equations of all Newton type couplings can be cast into the form
∂tg
I
k = (d− 2 + ηI)gIk for all I ∈ {Dyn, B, (0), (1), (2), · · · }
where all non-canonical k-dependence is encoded in the anomalous dimension ηI .
The differential equations for all cosmological constants have the general form
∂tλ
I
k = (η
I − 2)λIk + gIk AI({λJ , gJ }) (2.43)
In the present truncation, the functions AI depend on the Dyn-couplings only.
For an arbitrary spacetime of dimension d, we tabulate the rather complicated explicit
formulae for the four beta-functions in Appendix A to which the reader could turn at this
point. In the main body of this paper, we shall analyze the RG equations in d = 4 dimensions
in the next sections. Only in Section 8 we shall have a brief look at d = 2 + ε and d = 3.
3 The new RG equations
The rest of this paper is mainly devoted to a detailed analysis of the flow equations
of the bi-metric EH-truncation, eqs. (2.40), mostly in d = 4 dimensions. The focus will be
on the crucial question as to whether Asymptotic Safety in the UV can coexist with Back-
ground Independence, that is, with unbroken split-symmetry at the physical point k = 0. In
particular, we shall uncover a novel attractor mechanism leading to a complete restoration
of split-symmetry for k → 0. Technically, the question of coexisting Asymptotic Safety and
Background Independence is a very hard one since it concerns the global features of the RG
trajectories: Asymptotic Safety concerns their UV behavior (k → ∞), while Background
Independence, interpreted as split-symmetry restoration at k = 0, is an IR property.
In this Section we start the investigation by presenting and discussing the explicit
form of the new RG equations for d = 4. Before displaying them in detail, various remarks
concerning their general structure are in order.
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(A) The size of all physical RG-effects is controlled by the Dyn-couplings only, more precisely
by couplings of at least level-(2) which, in the present case, are equal to GDynk or Λ
Dyn
k ,
respectively. The level-(0) and level-(1) couplings, and correspondingly the B-couplings,
cannot enter the RHS of the FRGE, for they are at most linear in the dynamical fields and
hence drop out in the calculation of the Hessian operator.
(B)When considering the various terms contributing to the beta-functions for general space-
time dimensions d one observes that, quite remarkably, all terms proportional to λDyn are
also proportional to (d− 4). Hence in d = 4 these terms drop out, and the remaining λDyn-
dependence is via the threshold functions only. In fact, all beta-functions can be expressed in
terms of the same well-known threshold functions Φpn (w) and Φ˜
p
n (w) already introduced for
the single-metric case [11].6 Furthermore, the threshold functions with non-zero arguments
will always appear in the combination
qpn (w) ≡ Φpn (w)−
1
2
ηDyn Φ˜pn (w) (3.1)
Note that it is always ηDyn that enters qpn (w). Its background counterpart η
B cannot make
its appearance here since, as we said already, all contributions ∝ GBk drop out from the trace
upon calculating the Hessian.
(C) In the following subsections we list the beta-functions of the dynamical couplings, the
background couplings, and the beta-functions of the level description in turn. Similar to the
prefactor of the ghost action, ρgh, all formulae contain also a parameter ρP ∈ {0, 1} which we
merely introduced as a book keeping device. Contributions proportional (not proportional)
to ρP originate from the paramagnetic (diamagnetic) interaction terms
7. [50] We refer to
all terms that are not proportional to ρgh as ‘graviton’ contributions. In the nomenclature of
ref. [50] those are either of ‘paramagnetic’ or ‘diamagnetic’ origin and correspondingly carry
a factor of ρP or are missing a factor of ρP, respectively. In view of the physical picture
of Asymptotic Safety developed in ref. [50] it will be instructive to keep the two types of
contributions separately. Later on, when we are not interested in this distinction we ‘turn
on’ all terms, putting ρP = ρgh = 1, unless stated otherwise.
6See eqs. (4.32) of [11] for their definition.
7By definition [50,51], and in accordance with the identical nomenclature in Yang-Mills theory, derivative
(non-derivative) interaction terms coupling metric fluctuations h¯µν to the background g¯µν are referred to as
diamagnetic (paramagnetic), typical structures being h¯D¯2h¯ (h¯R¯h¯).
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3.1 The Dyn sector: beta-functions for gDyn, λDyn
The RG equation for the dynamical Newton constant gDynk is governed by the anomalous
dimension ηDyn. The FRGE provides the following relation for it:
ηDyn(gDyn, λDyn) = +
1
π
{
5
3
q22 (−2λDyn)− 6ρP
[
4 q33 (−2λDyn)− q22 (−2λDyn)
] }
gDyn
+
2
π
ρgh
{(
2
3
− ρP
)
Φ22 (0) + 4ρPΦ
3
3 (0)
}
gDyn (3.2)
It has a global factor of gDynk and depends on λ
Dyn
k through the threshold functions. In
addition, qpn (w) contains another term proportional to η
Dyn. As a consequence, eq. (3.2) is
an implicit equation for the anomalous dimension. It can be solved to yield the final result:
ηDyn(gDyn, λDyn) =
BDyn1 (λ
Dyn; 4) gDyn
1− BDyn2 (λDyn; 4) gDyn
(3.3)
We obtain a non-polynomial dependence of ηDyn on gDyn, andBDyn1 (λ
Dyn; 4) andBDyn2 (λ
Dyn; 4)
are functions of the cosmological constant, here specialized for d = 4. The first one contains
graviton as well as ghost contributions,
BDyn1 (λ
Dyn; 4) =
1
π
{
5
3
Φ22 (−2λDyn)− 6ρP
[
4Φ33 (−2λDyn)− Φ22 (−2λDyn)
] }
+
2
π
ρgh
{(
2
3
− ρP
)
Φ22 (0) + 4ρPΦ
3
3 (0)
}
(3.4)
whereas the second one stems entirely from the graviton sector:
BDyn2 (λ
Dyn; 4) = − 1
2π
{
5
3
Φ˜22 (−2λDyn)− 6ρP
[
4 Φ˜33 (−2λDyn)− Φ˜22 (−2λDyn)
] }
(3.5)
Furthermore the running of the dynamical cosmological constant λDynk is described by
∂tλ
Dyn
k = (η
Dyn − 2)λDynk + gDyn
1
π
[
5 q23 (−2λ
Dyn
k
) + 4 ρghΦ
2
3 (0)
]
(3.6)
Remarks: The beta-functions for the ‘Dyn’ couplings exhibit certain properties that are
reminiscent of the single-metric truncation [11,19]: First, notice that the threshold functions
Φpn (−2λDyn) and Φ˜
p
n (−2λDyn) have singularities when the argument approaches −1. This leads
to a boundary of theory space at λDyn = 1/2 in both types of truncations. Second, in the
single- and the bi-metric truncation we find a further divergence in ηDyn that can restrict
the physically relevant part of theory space even stronger, namely a boundary caused by
the singular curve 1 − Bsm2 gsm = 0 or 1 − BDyn2 gDyn = 0, respectively. A certain class of
RG trajectories, later referred to as type (IIIa)Dyn trajectories, terminate on these lines. We
find that even though quantitatively the singularity properties change when moving from
the single- to the bi-metric beta-functions, the qualitative picture remains the same.
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3.2 The B-sector: beta-functions for gB, λB
In the B-sector, the essential RG running is inherited from gDynk and λ
Dyn
k . The B-
couplings themselves appear on the RHS of their differential equations only in the trivial
canonical term since Tr[· · · ] did not depend on them. In particular, Newton’s constant gB
enters its own anomalous dimension ηB only as a global factor. Besides that it depends on
the dynamical couplings only:
ηB(gDyn, λDyn, gB) = BB1 (g
Dyn, λDyn) gB (3.7a)
BB1 (g
Dyn, λDyn) =
1
π
{
5
3
q11 (−2λDyn)−
(
5
3
+ 12ρP
)
q22 (−2λDyn) + 24 ρP q
3
3 (−2λDyn)
}
− 4
π
ρgh
{
1
3
Φ11 (0) +
1
3
Φ22 (0) + 2ρPΦ
3
3 (0)
}
(3.7b)
Notice that eq. (3.7a) has no denominator analogous to its Dyn counterpart (3.3). Note
also that ηB, via the qpn-functions (3.1), indirectly depends on η
Dyn = ηDyn(gDyn, λDyn).
The running of the cosmological constants in the B-sector is described by the differential
equation
∂tλ
B
k = (η
B − 2)λBk + AB(λDynk , gDynk ) gBk (3.8a)
Here the RG-effects that are not already covered by ηB are encoded in the function
AB(λDynk , g
Dyn
k ) ≡
1
π
{
5
(
q12 (−2λ
Dyn
k
)− q23 (−2λDynk )
)
− 4ρgh
(
Φ12 (0) + Φ
2
3 (0)
)}
(3.8b)
Remarks: The beta-functions of the ‘B’ (or level-(0)) couplings are free from any addi-
tional singularities that would further reduce the physical part of theory space. In particular,
as it is apparent from (3.7), the anomalous dimension ηB is well-defined for any value of gB on
which it depends linearly. Notice also that the threshold functions are evaluated at −2λDynk ,
and never at −2λBk , so that there is no restriction in the λB direction of theory space that
would be analogous to the λDyn = 1/2 boundary. The same holds true for the level-(0) plane.
We thus have all four beta-functions at hand and can, at least in principle, solve the
full system of differential equations. However, before embarking on that let us discuss a
number of further general aspects.
3.3 The level-description: beta-functions for g(p), λ(p)
The {B, Dyn}-language is equivalent to the one based upon the level number where
the a priori different higher levels p = 1, 2, · · · happens to be identical within the present
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truncation. The higher level Newton constants g
(p)
k have the same running for all p =
1, 2, 3, · · · , for instance, and their beta-functions coincide in turn with that of gDynk . Hence
η(1) = η(2) = · · · = ηDyn (3.9)
with ηDyn given in equation (3.3). For the level-(0) anomalous dimension, i.e. the anomalous
dimension corresponding to the running prefactor of the
√
gR-term 1/G
(0)
k = 1/G
B
k +1/G
Dyn
k ,
we obtain instead:
η(0)(gDyn, λDyn, g(0)) =
2
π
[
5
6
q11 (−2λDyn)− 3ρP q22 (−2λDyn)− ρgh
(
2
3
Φ11 (0) + ρPΦ
2
2 (0)
)]
g(0)
(3.10)
Note that η(0)/g(0) is a function of λDynk and g
Dyn
k only.
For the cosmological constant at level-(0) we find
∂tλ
(0)
k = (η
(0) − 2)λ(0) + g(0) 1
π
[
5 q12 (−2λDyn)− 4ρghΦ12 (0)
]
, (3.11)
while for the higher cosmological constants
λ
(1)
k = λ
(2)
k = · · · = λDynk . (3.12)
At all levels p = 1, 2, 3, · · · their running is locked to that of λDynk , which in turn is governed
by equation (3.6).
3.4 The hierarchical structure of the truncated RG equations
No matter whether we employ the {B,Dyn} or the {(0), (1), (2), · · · } language, the
truncated FRGE always comprises a coupled system of ordinary differential equation in four
variables, {gBk , gDynk , λDynk , λBk } or {g(0)k , g(p)k ≡ gDynk , λ(0)k , λ(p)k ≡ λDynk , p ≥ 1}, respectively.
In either case the dynamical couplings gDynk and λ
Dyn
k influence the beta-functions of the
B or level-(0) couplings, but there is no back-reaction of {gBk , λBk } or {g(0)k , λ(0)k } on the
‘Dyn’ variables; furthermore λ
B/(0)
k does not backreact on g
B/(0)
k . The system of equations
decomposes in the following hierarchical way:
{gDynk , λDynk } −→ gB/(0)k −→ λB/(0)k . (3.13)
This observation fixes the strategy for the (mostly numerical) solution of the RG equa-
tions on which we embark in the following sections: First we solve the non-trivially coupled
gDynk -λ
Dyn
k system, then we insert its solution into the single differential equation of the back-
ground (or alternatively, level-(0) ) Newton coupling, solve for its k-dependence, and finally
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use all three solution functions obtained already to get the running of the cosmological
constant in the background sector (or at level-(0)).
The hierarchy (3.13) raises the following question: Is it really necessary for the cou-
plings in the background sector (a) to assume fixed point values for k → ∞, and (b) to
restore split-symmetry at k = 0? After all, the B-couplings could even diverge in the UV
without causing any problems for the Dyn-couplings and the h¯µν-correlation functions given
by (δ/δh¯)n Γk[h¯; g¯]
∣∣∣
h¯=0
. Or equivalently, should we insist that the level-(0) part of Γk, that
is, Γk[h¯; g¯]
∣∣∣
h¯=0
, is well defined, too?
The answer to these questions is ‘yes’. In fact, the EAA at level zero is related to
the partition function Zk[g¯] whose g¯-dependence is indeed of physical interest, for instance,
when it is used as a tool for ‘counting’ the field modes which are already integrated out
at a given scale [53, 54]. This quantity is similar to a state sum and makes its appearance
when one studies quantum gravity effects in Black Hole Thermodynamics, for example. (See
ref. [53] for further details.) Therefore we want also the level-(0) part of the EAA to be
asymptotically safe, and to be linked to the higher levels in a split-symmetric way.
Moreover, the present paper is supposed to pave the way for future work on more
complicated truncations which also allow lifting the degeneracy among all higher levels p =
1, 2, · · · which is still assumed here. In this sense our analysis of the level-(0) /level-(1)
interplay is supposed to have the character of a model for the general case.
3.5 No anti-screening in the semiclassical regime
In the following sections we shall present a comprehensive analysis of the RG equations
using the strategy of the previous subsection. Here, as a warm up, we present a simple ana-
lytic solution to these equation which is valid in the semiclassical regime, i.e. at scales in, and
slightly above those of the classical regime where all dimensionful Newton and cosmological
constants are strictly k-independent.
The technical details related to this approximation, over and above the approximation
due to the truncation, are relegated to Appendix A.3. There we find that if gIk ≪ 1 and
λDynk ≪ 1 all of the dimensionful quantities GIk and ΛIk, I ∈ {Dyn,B, (p)}, behave as
GIk ≈ GI0
[
1− ωIdGI0 kd−2
]
(3.14a)
ΛIk ≈ ΛI0 + νId GI0 kd (3.14b)
The dimension-dependent constants ωId and ν
I
d are tabulated in the Appendix. The general
structure of the solution (3.14) is quite familiar; it also obtains in the single-metric (‘sm’)
Einstein-Hilbert truncation. There it was found that the crucial ω-coefficient which governs
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the running of Gk ≡ Gsmk is positive in the most interesting case d = 4. With ωsm4 > 0 New-
ton’s constant decreases for increasing k, and this was interpreted as a kind of gravitational
anti-screening [11].
Within the approximation (3.14), the anomalous dimension is given by
ηI = −(d − 2)ωId gI (3.15)
so that ωId > 0, i.e. anti-screening, corresponds to a negative anomalous dimension η
I < 0.
Therefore, the positive (negative) sign of ωsmd (η
sm) was highly welcome from the Asymptotic
Safety point of view since at a non-trivial fixed point of the equation ∂tg =
[
d− 2+ η
]
g the
anomalous dimension is negative, too:8 η∗ = −(d− 2) < 0.
It is therefore somewhat discomforting to discover that in the semi-classical regime
the anti-screening sign is not re-obtained within the bi-metric truncation. In fact, in the
bi-metric setting it is the dynamical Newton constant GDynk that should be compared to
Gsmk . Therefore the hallmark of anti-screening is now η
Dyn < 0, that is, ωDynd > 0 in the
semiclassical approximation. However, using the explicit equations in Appendix A.3 for
d = 4, we find that, with any cutoff, ωDyn4 < 0. Hence the dynamical Newton constant shows
a screening rather than anti-screening behavior in the semiclassical regime: ηDyn
∣∣∣
semiclass
> 0.
Instead, the background Newton constant GBk runs in the opposite direction, η
B
∣∣∣
semiclass
< 0,
but this has no direct physical meaning.
Fortunately later on we shall also discover that in other parts of theory space ηDyn does
become negative actually, and that even non-trivial fixed points form. Nevertheless, this
simple example is a severe warning showing the limitations of the single-metric truncations.
4 The fixed points of the RG flow
Next we turn to the task of solving the truncated flow equations (2.40) without further
approximations. We follow the strategy outlined in Subsection 3.4 based on their hierarchical
structure. In this Section we begin by searching for fixed points of the 4 dimensional flow.
In all numerical calculations of the following sections we shall employ the ‘optimized’
shape function [49] R(0)(z) = (1 − z)Θ(1 − z) for which the structure functions Φpn (w) and
Φ˜pn (w) [11] assume a simple rational form, see eqs. (A.10) in the Appendix.
4.1 From the dynamical to the background sector
The Dyn-sector. So let us start with the dynamical couplings gDyn, λDyn and try to find
common zeros of their beta-functions: βDyng = 0 = β
Dyn
λ . Setting ρP = 1, ρgh = 1, i.e.
8Here and in the following we always assume d > 2.
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including all (dia- and paramagnetic, as well as ghost) contributions, we find indeed three
fixed points (gDyn∗ , λ
Dyn
∗ ): Besides a Gaussian fixed point at λ
Dyn
∗ = g
Dyn
∗ = 0, henceforth
denoted GDyn-FP, there are two non-Gaussian fixed points at which both gDyn and λDyn
are positive and negative, respectively; they will be denoted NGDyn+ -FP and NG
Dyn
− -FP
in the following. The fixed point coordinates are given by
NGDyn+ -FP NG
Dyn
− -FP G
Dyn-FP
gDyn∗ = 0.703 −3.54 0
λDyn∗ = 0.207 −0.302 0
(4.1)
We recall that for the same shape function the well-known fixed point of the single-metric
truncation [15,19] is located at (gsm∗ = 0.707, λ
sm
∗ = 0.193). These coordinates are remarkably
close to those of the NGDyn+ -FP.
An RG trajectory which ‘sits’ at the Gaussian fixed point GDyn-FP for all k ∈ [0,∞)
constitutes a simple solution of both Dyn-equations:
gDynk = 0 , λ
Dyn
k = λ
Dyn
k0
(k0/k)
2 (0 ≤ k <∞) (4.2)
Here λDynk0 denotes the value of the cosmological constant at k = k0. This trajectory separates
the positive gDyn > 0 from the negative gDyn < 0 regime. No trajectory ever crosses the
gDyn = 0 plane. The picture for the background and the level-(0) couplings is similar. The
trajectory that separates the positive from the negative gB/(0) regime is
g
B/(0)
k = 0 , λ
B/(0)
k = λ
B/(0)
k0
(k0/k)
2 , (4.3)
and no trajectory ever passes through gB = 0 or g(0) = 0. This implies that there exists
no crossover trajectory connecting NGDyn+ -FP to NG
Dyn
− -FP. More generally, there is no
trajectory along which any of the various Newton constants gI would cross zero.
The B-sector. So far, we have seen that there are two non-Gaussian and one Gaussian
fixed point solutions in the dynamical sector. Next, we insert their coordinates into the beta-
functions of the background quantities (gB, λB) and look for zeros which would generalize the
‘Dyn’ fixed points to the full 4 dimensional theory space. Such associated zeros (gB∗ , λ
B
∗ ) do
indeed exist, and we find precisely one with (gB∗ , λ
B
∗ ) 6= 0 for each of the fixed points in the
Dyn-sector. Those related to the three non-Gaussian Dyn-FPs are located at
NGDyn+ -FP NG
Dyn
− -FP G
Dyn-FP
gB∗ = 8.18 1.531 1.396
λB∗ = −0.008 −0.12 −0.111
(4.4)
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Furthermore, for gB = 0 = λB the beta-functions for the B-sector vanish as well, for any
value of the Dyn-couplings. Thus, also a Gaussian fixed point (gB∗ , λ
B
∗ ) = (0, 0) exists in the
B-sector, and it can be combined with each one of the Dyn fixed point in (4.1).
In total we have six fixed points therefore: one which is purely Gaussian, having both
(gDyn∗ , λ
Dyn
∗ ) = 0 and (g
B
∗ , λ
B
∗ ) = (0, 0), three mixed ones , and two are purely non-Gaussian
ones. The table (4.5) gives a summary of all six combined fixed points and introduces the
notation we shall use for them.
d=4
NG
Dyn
+ -FP
(gDyn∗ =0.7, λ
Dyn
∗ =0.2)
NG
Dyn
−
-FP
(gDyn∗ =−3.5, λDyn∗ =−0.3)
GDyn-FP
(gDyn∗ =0, λ
Dyn
∗ =0)
NGB+-FP
NGB+⊕NG
Dyn
+ -FP
(gB∗ =8.2, λ
B
∗=−0.01)
NGB+⊕NG
Dyn
−
-FP
(gB∗ =1.5, λ
B
∗=−0.1)
NGB+⊕GDyn-FP
(gB∗ =1.4, λ
B
∗=−0.1)
GB-FP G
B⊕NGDyn+ -FP
(gB∗ =0, λ
B
∗=0)
GB⊕NGDyn
−
-FP
(gB∗ =0, λ
B
∗=0)
GB⊕GDyn-FP
(gB∗ =0, λ
B
∗=0)
(4.5)
An analogous table in the level language will be given below.
The fixed points for level-(0) couplings. In the level-language the dynamical couplings,
i.e. those at the higher levels p = 1, 2, 3, · · · , influence the beta-functions at level-(0), but
not vice versa. The fixed points found in (4.1) for the ‘Dyn’ couplings entail (g
(p)
∗ , λ
(p)
∗ ) =
(gDyn∗ , λ
Dyn
∗ ) for the levels p ≥ 1.
Regarding p = 0, the fixed points listed in (4.5) give rise to three non-trivial ones for
the level-(0) couplings. Two of them, namely NGB+⊕NGDyn+ -FP and NGB+⊕NGDyn− -FP
are easily computed using the conversion rules for the dimensionless couplings of eq. (2.41).
To obtain the third one, NGB+⊕GDyn-FP, related to the Gaussian fixed points of the ‘Dyn’
sector, one must be careful: When directly using relation (2.41) any of the remaining 4 fixed
points would seem to be located at g
(0)
∗ = 0 = λ
(0)
∗ . Because of a division by zero this is
incorrect, however. Going back to the coupled system (3.10)-(3.12) it turns out that the
correct coordinates of NGB+⊕GDyn-FP are actually non-zero:
NG
(0)
+ ⊕GDyn-FP : g(0)∗ = 1.713 , λ(0)∗ = 0.068 (4.6)
They are obtained if we directly solve for zeros in the full {g(0)k , gDynk , λ(0)k , λDyn} system.
In total we thus have found the following three non-trivial fixed point values for the
level-(0) couplings:
NGDyn+ -FP NG
Dyn
− -FP G
Dyn-FP
g
(0)
∗ = 0.647 2.697 1.713
λ
(0)
∗ = 0.190 0.0168 0.068
(4.7)
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As a result, the list of all six combined fixed points looks as follows:
d=4
NG
Dyn
+ -FP
(gDyn∗ =0.7, λ
Dyn
∗ =0.2)
NG
Dyn
−
-FP
(gDyn∗ =−3.5, λDyn∗ =−0.3)
GDyn-FP
(gDyn∗ =0, λ
Dyn
∗ =0)
NG
(0)
+ -FP
NG
(0)
+ ⊕NG
Dyn
+ -FP
(g
(0)
∗ =0.65, λ
(0)
∗ =0.2)
NG
(0)
+ ⊕NG
Dyn
−
-FP
(g
(0)
∗ =2.7, λ
(0)
∗ =0.02)
NG
(0)
+ ⊕GDyn-FP
(g
(0)
∗ =1.7, λ
(0)
∗ =0.1)
G(0)-FP
G(0)⊕NGDyn+ -FP
(g
(0)
∗ =0, λ
(0)
∗ =0)
G(0)⊕NGDyn
−
-FP
(g
(0)
∗ =0, λ
(0)
∗ =0)
G(0)⊕GDyn-FP
(g
(0)
∗ =0, λ
(0)
∗ =0)
(4.8)
Summary: Each fixed point in the level description has an analog in the B - Dyn system.
Regardless of whether we consider the {B,Dyn} or the {(0), (1), (2), · · · } language, we find
a total of six fixed points. Two of them lie in the negative gDyn half-plane and will be
not relevant for our further investigation. The remaining four are a doubly non-Gaussian
fixed point NGB+⊕NGDyn+ -FP, a purely Gaussian one, and two mixed fixed points at which
either the dynamical or the background couplings vanish. Their potential relevance to the
Asymptotic Safety construction will be explored in the following sections.
4.2 Critical exponents and scaling fields
In the following we list for all 6 fixed points their critical exponents θj and the cor-
responding eigenvectors V (j) of the stability matrix, the ‘scaling fields’. In our conventions,
Re θj > 0 corresponds to an IR-relevant scaling field. Hence, the dimensionality sUV of the
UV-critical manifold SUV of a certain fixed point equals the number of θ’s with a positive
real part. This dimensionality in turn is equal to the number of undetermined parameters
in an asymptotically safe theory based upon the fixed point in question [40].
The Tables 1, 2, and 3, in turn refer to the fixed points which descend from the Dyn-
fixed points GDyn-FP, NGDyn− -FP, and NG
Dyn
+ -FP, respectively. Besides the critical ex-
ponents θj , j = 1, · · · , 4, the negative eigenvalues of the stability matrix, each Table contains
the related 4-component eigenvectors V (j) for both the B-Dyn and the level-presentation.
Here the eˆ’s are Cartesian unit vectors; eˆDyng ≡ eˆ(1)g = eˆ(2)g = · · · points in the direction of
the dynamical (or level-(p), p ≥ 1) Newton constant.
As can be seen in Tables 1 and 2, the fixed points related to GDyn-FP and NGDyn− -
FP have real critical exponents throughout. For the dimensionality of their UV critical
hypersurface we read off sUV = 2 for the ‘doubly Gaussian’ G
B⊕GDyn-FP, sUV = 3 for the
mixed ones, NGB+⊕GDyn-FP,GB⊕NGDyn− -FP, and sUV = 4 for the ‘doubly non-Gaussian’
fixed points, NGB+⊕NGDyn− -FP and NGB+⊕NGDyn+ -FP .
According to Table 3, the fixed points which stem from NGDyn+ -FP, located in the
physically relevant gDyn > 0 half-space, are special in that some of their critical exponents
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are complex. They lead to the characteristic spirals of the RG trajectories approaching the
Table 1. Critical exponents and scaling fields of the 4 fixed points related to GDyn-FP
GB⊕GDyn-FP (gB∗ ,λB∗ )=(0,0)
θj eigenvectors V
(j)
−2 8pi
3
eˆDyng + eˆ
Dyn
λ
2 +eˆDynλ
−2 −4πeˆBg + eˆBλ
2 eˆBλ
NGB+⊕GDyn-FP (gB∗ ,λB∗ )=(1.40,−0.11)
θj eigenvectors V
(j)
−2 0.99eˆDyng + 0.12eˆDynλ + 0.01eˆBg + 0.01eˆBλ
2 0.94eˆDynλ + 0.35eˆ
B
λ
2 1.00eˆBg − 0.08eˆBλ
4 eˆBλ
G(0)⊕GDyn-FP (g(0)∗ ,λ(0)∗ )=(0,0)
θj eigenvectors V
(j)
−2 8pi
3
eˆDyng + eˆ
Dyn
λ
2 +eˆDynλ
−2 8πeˆ(0)g + eˆ(0)λ
2 eˆ
(0)
λ
NG
(0)
+ ⊕GDyn-FP (g(0)∗ ,λ(0)∗ )=(1.7,0.07)
θj eigenvectors V
(j)
−2 0.97eˆDyng + 0.12eˆDynλ − 0.23eˆ(0)g + 0.03eˆ(0)λ
2 5× 10−17eˆDynλ + 1.00eˆ(0)g + 0.38eˆ(0)λ
2 1.00eˆ(0)g + 0.04eˆ
(0)
λ
4 eˆ
(0)
λ
Table 2. Critical exponents and scaling fields of the 4 fixed points related to NGDyn− -FP
GB⊕NGDyn− -FP (gB∗ ,λB∗ )=(0,0)
θj eigenvectors V
(j)
2.21 1.0 eˆDyng + 0.1 eˆ
Dyn
λ
5.12 −0.6 eˆDyng + 0.8 eˆDynλ
−2 1.0 eˆBg − 0.1 eˆBλ
2 eˆBλ
NGB+⊕NGDyn− -FP (gB∗ ,λB∗ )=(1.53,−0.12)
θj eigenvectors V
(j)
2.21 −0.93eˆDyng − 0.06eˆDynλ − 0.35eˆBg + 0.04eˆBλ
5.12 0.4eˆDyng − 0.6eˆDynλ − 0.4eˆBg + 0.5eˆBλ
2 1.00eˆBg − 0.08eˆBλ
4 eˆBλ
FP for k → ∞. This behavior is well known to occur in the single-metric Einstein-Hilbert
truncation [15, 19]. In fact, the complex conjugate pair θ1/2 of Table 3 is very similar to
what one finds in the single-metric computation. This close numerical similarity to the
single-metric result lends further credit to the conjecture that the single-metric fixed point
should correspond to one of the two fixed points of the full system which are related to the
NGDyn+ -FP. We will see later on that this is in fact true.
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G(0)⊕NGDyn− -FP (g(0)∗ ,λ(0)∗ )=(0,0)
θj eigenvectors V
(j)
2.21 1.0 eˆDyng + 0.1 eˆ
Dyn
λ
5.12 −0.6 eˆDyng + 0.8 eˆDynλ
2 1.00eˆ(0)g + 0.01eˆ
(0)
λ
4 eˆ
(0)
λ
NG
(0)
+ ⊕NGDyn− -FP (gB∗ ,λB∗ )=(1.53,−0.12)
θj eigenvectors V
(j)
2.21 −0.50eˆDyng − 0.03eˆDynλ − 0.88eˆ(0)g − 0.01eˆ(0)λ
5.12 0.2eˆDyng − 0.3eˆDynλ − 0.5eˆ(0)g + 0.8eˆ(0)λ
−2 1.00eˆ(0)g + 0.01eˆ(0)λ
2 eˆ
(0)
λ
Table 3. Critical exponents and scaling fields of the 4 fixed points related to NGDyn+ -FP
GB⊕NGDyn+ -FP (gB∗ ,λB∗ )=(0,0)
θj eigenvectors V
(j)
3.6 + 4.3i −0.99eˆDyng − (0.04 + 0.15i)eˆDynλ
3.6− 4.3i −0.99eˆDyng − (0.04− 0.15i)eˆDynλ
2 eˆBg − 9× 10−4eˆBλ
2 eˆBλ
G(0)⊕NGDyn+ -FP (g(0)∗ ,λ(0)∗ )=(0,0)
θj eigenvectors V
(j)
3.6 + 4.3i −0.99eˆDyng − (0.04 + 0.15i)eˆDynλ
3.6− 4.3i −0.99eˆDyng − (0.04− 0.15i)eˆDynλ
2 0.96eˆ(0)g + 0.28eˆ
(0)
λ
2 eˆ
(0)
λ
NGB+⊕NGDyn+ -FP (gB∗ ,λB∗ )=(8.18,−0.01)
θj eigenvectors V
(j)
3.6 + 4.3i −(1.6− 0.2i)10−2eˆDyng − (0.9 + 2.4i)10−2eˆDynλ + 1.0eˆBg + (1.7− 2.3i)10−2eˆBλ
3.6− 4.3i −(1.6 + 0.2i)10−2eˆDyng − (0.9− 2.4i)10−2eˆDynλ + 1.0eˆBg + (1.7 + 2.3i)10−2eˆBλ
2 eˆBg − 9× 10−4eˆBλ
4 eˆBλ
NG
(0)
+ ⊕NGDyn+ -FP (g(0)∗ ,λ(0)∗ )=(0.65,0.19)
θj eigenvectors V
(j)
3.6 + 4.3i 0.86eˆDyng + (0.04 + 0.13i)eˆ
Dyn
λ + (0.40− 0.03i)eˆ(0)g − (0.2− 0.2i)eˆ(0)λ
3.6− 4.3i 0.86eˆDyng + (0.04− 0.13i)eˆDynλ + (0.40 + 0.03i)eˆ(0)g − (0.2 + 0.2i)eˆ(0)λ
2 0.96eˆ(0)g + 0.28eˆ
(0)
λ
4 eˆ
(0)
λ
4.3 Recovering the mechanism of paramagnetic dominance
In the single-metric analysis of [50] it was found that in d = 4 the NGFP owes its exis-
tence entirely to the paramagnetic interactions of the h¯µν fluctuations with the background
metric; the diamagnetic interactions disfavor the formation of a fixed point instead. (Below
d = 3 the situation changes, showing that the respective physical mechanism behind the
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NGFPs in d = 2+ ε and d = 4 are quite different [50].) What is the picture in the bi-metric
case?
In the gDyn-λDyn-regime of interest, all qualitative properties of ηDyn in eq. (3.3) are
well described by its linear approximation ηDyn ≈ BDyn1 (λDyn) gDyn. The contribution of the
denominator in (3.3), involving BDyn2 (λ
Dyn), influences the resulting anomalous dimension
only weakly. So let us focus on BDyn1 (λ
Dyn). Assuming, as always, a positive dynamical
Newton constant, the negative anomalous dimension which is indicative of anti-screening
and is necessary for a NGFP, requires a negative BDyn1 .
Now, what we find is that the paramagnetic interactions indeed drive BDyn1 negative,
but the diamagnetic ones have an antagonistic effect trying to make BDyn1 and η
Dyn positive.
In fact, switching off the paramagnetic contributions yields, in the bi-metric setting,
BDyn1 (λ
Dyn)
∣∣∣
ρP=0
> 0 for all values of λDyn . (4.9)
Instead including the paramagnetic parts we find that there is a crossover from negative to
positive values of the anomalous dimension at a certain critical value λDyncrit , that is
BDyn1 (λ
Dyn)
∣∣∣
ρP=1

> 0 ∀λDyn < λDyncrit
< 0 ∀λDyn > λDyncrit
(4.10)
The precise value of the critical cosmological constant, λDyncrit , is cutoff scheme dependent, but
in any scheme we find 0 < λDyncrit < λ
Dyn
∗ .
The behavior (4.10) makes it explicit that, first, the absence of anti-screening in the
semi-classical regime (BDyn1 (0) > 0) can be reconciled with a non-trivial fixed point existing
simultaneously (BDyn1 (λ
Dyn
∗ ) < 0) and, second, the NGFP can form only because in some
part of theory space the paramagnetic interactions are stronger than the diamagnetic ones.
Thus we essentially recover the single-metric picture according to which ‘paramagnetic
dominance’ is the physical mechanism responsible for Asymptotic Safety. However, the
bi-metric analysis suggests that this mechanism can occur only for a non-zero, positive
cosmological constant.9 The implications of this result will be further discussed elsewhere
[60].
4.4 Impact of the ghosts’ wave function normalization
It is instructive to look at the dependence of the fixed point data on the ghost contri-
butions to the beta-functions. Since we kept ρgh, the prefactor of the ghost kinetic term in
Γk as a free parameter it is easy to assess the importance of ghosts relative to the gravitons
9The same conclusion can be drawn from the beta-functions found in [39] with a bi-metric truncation
too.
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by varying this parameter away from ρgh = 1, the value used in the previous subsections.
This will give us an idea of the numerical accuracy one may expect within the present
approximation which neglects the running of the ghosts’ wave function renormalization.
The fixed point coordinates in the dynamical sector depend on the ρgh non-trivially
as shown in Fig. 1. While the trivial fixed point GDyn-FP is independent of ρgh, the non-
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Figure 1. The dependence of gDyn∗ and λ
Dyn
∗ on ρgh for the three types of fixed points, GDyn-
FP, NGDyn− -FP, and NG
Dyn
+ -FP. While the Gaussian one is insensitive to independent on
ρgh the λ
Dyn
∗ values of the others only slightly change when increasing ρgh. As for the Newton
constant g∗Dyn, the fixed point in the lower half-plane (gDyn < 0) is by far more sensitive to
ρgh than the one in the upper, NG
Dyn
+ -FP.
Gaussian ones NGDyn+ -FP and NG
Dyn
− -FP are not. However, it turns out that g
Dyn
∗ of
NGDyn− -FP is very sensitive to a change in ρP, especially going from ρgh = 0 to ρgh = 1.
This suggests that NGDyn− -FP is likely to be a truncation artifact. On the other hand,
the fixed point values of NGDyn+ -FP are quite stable when changing the strength of the
ghost-contributions.
From the point of view of the Asymptotic Safety scenario both of these facts are
encouraging: First, the fixed point at positive dynamical Newton constant, NGDyn+ -FP,
seems well described within the present approximation and hardly could be a truncation
artifact. If we define a k →∞ limit there, since the running gDynk never changes its sign, the
resulting theory has a positive GDyn0 , as it should be. Second, the fixed point at negative g
Dyn,
NGDyn− -FP, is much less stable and more likely to be a truncation artifact. If so, this would
actually be welcome since then no UV limit could be taken there, and no asymptotically
safe theory with GDyn0 < 0 could be constructed, and the result of positive G
Dyn
0 implied by
NGDyn+ -FP is a true prediction.
For the background couplings the picture is as follows. The Gaussian solution gB∗ = 0 =
λB∗ , leading to the three fixed points G
B⊕GDyn-FP, GB⊕NGDyn− -FP, and GB⊕NGDyn+ -
FP, is independent of ρgh, and so the same is true for their (g
B, λB)-coordinates. The fixed
point that is situated in the negative gDyn half-plane, NGB+⊕NGDyn− -FP, is again very
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Figure 2. The dependence of λB∗ and g
B
∗ on ρgh for the six fixed points. There are three
Gaussian and three non-Gaussian fixed points in the B-sector, one for each Dyn-fixed point.
The Gaussian ones are independent on ρgh. In contrast to the Dyn-part of these fixed points,
the B fixed point values vary most strongly for NGB+⊕NGDyn+ -FP. Especially for small ρgh it
starts out negative, diverges and then turns positive for ρgh < 1.
sensitive to the influence of the ghost sector. The background fixed point values exhibit
a strong dependence on ρgh even for NG
B
+⊕NGDyn+ -FP which has the positive gDyn∗ . The
B-fixed point values actually change the sign and turn negative below ρgh < 0.6, see Fig. 2.
We do not think that this apparent instability of (gB∗ , λ
B
∗ ) sheds any doubt on the
viability of the Asymptotic Safety construction at the doubly non-Gaussian NGB+⊕NGDyn+ -
FP. In fact, the B-couplings are entirely unphysical and owe their existence only to the extra
g¯-dependence of Γk, hence to the split-symmetry violation in unobservable quantities.
5 Can split-symmetry coexists with
Asymptotic Safety?
Next, we are going to study the fully fledged RG flow on the four dimensional theory
space by analyzing the system of coupled differential equations (2.40) with both analytical
and numerical methods. In this section we are mostly interested in the global properties
of the RG flow. In particular we investigate to what extent split-symmetry at k = 0 can
be realized by a judicious choice of the trajectory’s ‘initial’ conditions. In practice they are
imposed at an intermediate scale k0, and the differential equations are solved then both in
the upward and downward direction. The all decisive question we try to answer is: Do there
exist RG trajectories for which split-symmetry, i.e. Background Independence
for k → 0 coexists with Asymptotic Safety? What makes this question hard is its global
nature: Background Independence and Asymptotic Safety concern exactly the opposite ends
of the RG trajectories, the limits of very small and very large scales, respectively.
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Since the Dyn-couplings are not affected by the B-sector but, conversely, enter the
B-beta-functions, we first solve the eqs. (2.40a) and (2.40b) for gDynk and λ
Dyn
k , and then
substitute the solutions into the beta-functions of gBk and λ
B
k in eqs. (2.40c) and (2.40d) to
obtain the ‘B’-components of the trajectory. We describe the results of the two steps in turn.
5.1 Trajectories of the ‘Dyn’ sub-system
The set of solutions for the B-independent (gDynk , λ
Dyn
k )-system (2.40a), (2.40b) decom-
poses into a subset with positive gDynk for all k, one with g
Dyn
k < 0 always, and a single
trajectory with gDynk = 0 ∀k that separates the two regions. The sign of the Newton coupling
never changes along any trajectory. We know already that the Dyn-system allows for three
fixed points: the Gaussian one, GDyn-FP, which is located on the separating trajectory, and
two non-Gaussian ones, NGDyn− -FP and NG
Dyn
+ -FP, that lie below (g
Dyn < 0) or above it
(gDyn > 0), respectively. We will focus in the sequel on the positive gDyn domain.
PSfrag replacements
gDyn
λDyn
Figure 3. The phase portrait of the bi-metric ‘Dyn’-sector. The vertical (horizontal) axis
corresponds to gDyn (λDyn). Note the remarkable similarity with the phase portrait of the
single-metric Einstein-Hilbert truncation [19].
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Fig. 3 shows the phase portrait on the gDyn-λDyn plane which we obtained numerically.10
We see that it is impressively similar to the well-known phase portrait of the single-metric
Einstein-Hilbert truncation [19].
Following ref. [19] the trajectories in the upper half-plane in Fig. 3 can be classified in
the same way as their single-metric relatives, namely as of type (Ia)Dyn, type (IIa)Dyn, and
type (IIIa)Dyn respectively, depending on whether the cosmological constant λDynk approaches
−∞, 0, or +∞ in the far IR, i.e. for k → 0. The type (IIa)Dyn solution separates the two
regimes and is, henceforth, also called separatrix. (In Fig. 3 it is represented by a dashed line,
and we have also highlighted a representative of the other types, a (Ia)Dyn and a (IIIa)Dyn
trajectory.) The separatrix ‘crosses over’ from theNGDyn+ -FP in the UV to theG
Dyn-FP in
the IR. Notice that NGDyn+ -FP is UV-attractive in both directions, and thus all trajectories
are pulled into this fixed point when k → ∞. Due to the imaginary part of the critical
exponents they form spirals.
5.2 Solving the non-autonomous ‘B’ system
Each one of the Dyn trajectories obtained above can now be substituted into the
two RG equations of the B- or level-(0) couplings. After fixing initial conditions they can
be solved to give the k-dependence of the two remaining coordinates of the 4-dimensional
trajectories, namely g
B/(0)
k and λ
B/(0)
k .
Let us start by investigating their qualitative behavior for arbitrary initial conditions
in the B-sector. Once a solution (gDynk , λ
Dyn
k ) is picked, the beta-functions in eqs. (2.40c),
(2.40d) for the B-couplings are polynomials with known, but scale dependent coefficients
AB(k) ≡ AB(gDynk , λDynk ) and BB1 (k) ≡ BB1 (gDynk , λDynk ):
∂tg
B
k = β
B
g (g
B
k , λ
B
k ; k) = 2g
B
k +B
B
1 (k)(g
B
k )
2 (5.1a)
∂tλ
B
k = β
B
λ (g
B
k , λ
B
k ; k) = −2λBk + AB(k) gBk +BB1 (k) gBk λBk (5.1b)
It is important to appreciate that when the functions AB(k) and BB1 (k) are given, the eqs.
(5.1) form a closed coupled system for the two remaining (gBk , λ
B
k ) which, however, contrary
to that for (gDynk , λ
Dyn
k ), is not autonomous. The beta-functions on the RHS of eqs. (5.1a)
and (5.1b) possess an explicit dependence on k. Hence the vector field on the gB-λB-plane
they give rise to and, as a consequence, the entire phase portrait on this plane are RG-time
dependent. This will complicate the analysis considerably.
The other fact to be appreciated is that the beta-functions of (5.1) are polynomial in
the unknowns gB and λB. This is in sharp contradistinction to the dynamical sector which
10Here and in all similar diagrams the arrows always point from the UV towards the IR.
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involves complicated threshold functions Φpn (−2λDyn). For later use we also mention that, in
terms of the dimensionful quantities 1/GB and ΛB/GB, the system (5.1) has the following
general solution:
1
GBk
=
1
GBk0
−
∫ k
k0
dk′ k′BB1 (k
′) (5.2a)
ΛBk
GBk
=
ΛBk0
GBk0
+
∫ k
k0
dk′ k′ 3AB(k′) (5.2b)
Here, as always, k0 denotes an arbitrary (initial, or intermediate) scale somewhere along
the trajectory.
The ‘B’ Newton constant. Returning to dimensionless quantities the hierarchy among
the two equations (5.1) allows to first solve (5.1a) for gBk , and then determine the k-
dependence of λBk from (5.1b). The differential equation (5.1a) is of Bernoulli type. It
determines gBk and is independent of λ
B
k . Besides the trivial solution g
B
k = 0 there exists a
non-trivial one, namely
gBk =
k2 gBk0
k20 − gBk0
∫ k
k0
k′BB1 (k′)dk′
(5.3)
Let us demonstrate that the solution (5.3) is regular everywhere. The denominator in
eq. (5.3) does not vanish at any k. For this to happen the k′-integral in (5.3) would have to
be positive. It turns out however that BB1 (k) = B
B
1 (g
Dyn
k , λ
Dyn
k ) in the integrand is positive in
the small interval λDyn ∈ [0.213, 0.5] only; furthermore the integral ∫ k0k k′BB1 (k′)dk′ in (5.3)
remains negative even in the corresponding possibly ‘dangerous’ regimes, as for example the
IR branch for the type (IIIa)Dyn trajectories or the spirals in the vicinity ofNGDyn+ -FP. Fig.
4 shows the decrease of
∫ k
k0
k′BB1 (k
′)dk′ as a function of k towards the UV, and the fact that
it is negative in the far IR, for the three different types of trajectories in the Dyn-sector. In
fact, in the UV – when the Dyn-trajectories spiral into NGDyn+ -FP – the denominator in
(5.3) becomes very large so that the k20 term can be neglected. Then (5.3) approaches
gBk
UV
=
k2
− ∫ kk0 k′BB1 (k′)dk′
k→∞−−−→ 8.18 ≡ gB∗ (5.4)
This limit equals precisely the NGB+-FP-value of g
B
k for any initial value g
B
k0. This shows
that in the UV, and for any trajectory,
lim
k′→∞
BB1 (k
′) = C with |C| <∞ and C < 0 (5.5)
should hold true, where C is some finite constant.
38
-15 000
-10 000
-5000
0
PSfrag replacements
k UVIR
∫
kBB1 (k)
(a) Type (Ia)Dyn
-20 000
-15 000
-10 000
-5000
0
PSfrag replacements
k UVIR
∫
kBB1 (k)
(b) Separatrix
-15 000
-10 000
-5000
0
PSfrag replacements
k UVIR
∫
kBB1 (k)
(c) Type (IIIa)Dyn
Figure 4. The function k 7→ ∫ kk0 k′BB1 (k′)dk′ for representative examples of the three types of
trajectories. The function is seen to be negative throughout, demonstrating that the solution
(5.3) is regular everywhere.
The ‘B’ cosmological constant. Upon inserting the solutions of the Dyn-sector and gBk
we obtain from (5.1b) a single linear, inhomogeneous ODE with scale-dependent coefficients
which determines λBk :
∂tλ
B
k = A
B(k) gBk +
[
BB1 (k) g
B
k − 2
]
λBk (5.6)
The coefficient functions AB(k) and BB1 (k) are fixed once initial conditions are imposed on
gDynk and λ
Dyn
k . The solution to eq. (5.6) reads then
λBk =
gBk
gBk0
(
k0
k
)4 [
λBk0 +
gBk0
k40
∫ k
k0
dk′ k′ 3AB(k′)
]
(5.7)
where for gBk the expression (5.3) is to be inserted. Inside the square brackets on the RHS of
(5.7) we can distinguish two contributions, of first and of zeroth order in λBk0, respectively.
The moment the denominator in (5.3) starts increasing rapidly, gBk becomes almost indepen-
dent of the initial value gBk0 . This renders the term in (5.7) which is of zeroth order in λ
B
k0
completely independent of the initial data
(
λBk0, g
B
k0
)
.
In Fig. 5 we display the k-dependence of both contributions separately. From the
diagrams we conclude that the function k 7→ λBk is indeed independent of the initial value
gBk0 over a large range of scales. For those k-values the constant contribution, in the approx-
imation of eq. (5.4) given by the fraction −
∫
k3AB(k)
k2
∫
kBB1 (k)
, starts dominating over the λBk0-linear
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Figure 5. The two contributions to the function λBk which are constant and linear in λ
B
k0
,
respectively, see eq. (5.7). Shown is the regime of scales when the denominator in (5.3) becomes
large. The vertical scales on the LHS (RHS) of the diagrams correspond to the linear (constant)
contribution.
term already at small scales k and finally approaches the NGB+⊕NGDyn+ -FP value of λB in
the UV.
Summary. Recalling that above the same qualitative property was found for gBk also, we
see that under upward evolution, all solutions k 7→ (gBk , λBk ) of the B-sector ‘forget’ their
values at k = k0 and converge to a single trajectory ultimately hitting NG
B
+⊕NGDyn+ -FP
when moving towards the UV.
This behavior is related to the observation that for k → ∞ all solutions in the Dyn-
sector spiral into NGDyn+ -FP (assuming, as always, g
Dyn
k0
> 0). This fact is a global, and
nonlinear extension of the above linear analysis, yielding 2 attractive directions at NGDyn+ -
FP. Since all such solutions share the same fate in the UV, the differential equations for the
B-couplings, too, become independent of (gDynk0 , λ
Dyn
k0
) in the UV. In principle the B-couplings
could still depend on their own initial values, (gBk0, λ
B
k0
). However, we saw that the influence
of gBk0 and λ
B
k0 is significant only in the IR. Hence, we discover that the UV attractivity of
NGB+⊕NGDyn+ -FP in all 4 directions which previously was established on the basis of the
critical exponents at the linearized level only, possesses a nonlinear extension: The RG flow
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on the 4-dimensional theory space has the global property that all trajectories approach the
doubly non-Gaussian fixed point under upward evolution:
(gDynk , λ
Dyn
k , g
B
k , λ
B
k )
k→∞−−−→ NGB+⊕NGDyn+ -FP for all (gDynk0 > 0, λDynk0 , gBk0 > 0, λBk0)
To be precise, the fixed point’s ‘basin of attraction’ consists of all points with positive
dynamical and background Newton constants.
5.3 The running UV attractor in the B-sector
We saw that in the Dyn-sector the differential equations are autonomous: The beta-
functions are invariant under translations in the RG-time t, and we obtain a time inde-
pendent phase portrait in the Dyn-sector, see Fig. 3. However, after choosing initial values
(gDynk0 , λ
Dyn
k0
) and inserting the resulting Dyn-solution into the ‘B’-equations, their translation
invariance gets broken and the B-system becomes non-autonomous, depending explicitly on
k. As a result, the 2 dimensional phase portrait on the gB-λB plane is explicitly ‘time’
dependent.
We shall nevertheless be able to deduce the essential qualitative properties of the phase
portrait by analytical methods. Its structure is essentially determined by the k-dependent
analogue of fixed points in the B-system.
(A) The ‘moving fixed point’. We consider the two equations (5.1) for gBk and λ
B
k
with given, externally prescribed coefficient functions AB(k) and BB1 (k) and search for k-
dependent points (gB• , λ
B
• ) on the g
B-λB-plane at which both beta-functions vanish simulta-
neously:
βBg
(
gB• (k), λ
B
• (k); k
)
= 0
βBλ
(
gB• (k), λ
B
• (k); k
)
= 0 (5.8)
As long as BB1 (k) 6= 0, there exist two solutions to these equations.
(i) The first one is trivial, gB• = 0 = λ
B
• , and happens to be independent of k. As a
consequence, we expect a 4-dimensional Gaussian fixed point (gDyn∗ , λ
Dyn
∗ , g
B
∗ , λ
B
∗ ) = 0 to be
present in all phase diagrams.
(ii) The second solution is non-trivial and explicitly k-dependent:
gB• (k) = −2/BB1 (k) and λB• (k) = −12AB(k) /BB1 (k) (5.9)
Its k-dependence is shown in Fig. 6 for three typical Dyn-trajectories, one of each type,
which determine AB(k) and BB1 (k). The UV behavior of (g
B
• (k), λ
B
• (k)) is seen to be the
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Figure 6. The k-dependence of the running UV attractor (gB• (k), λ
B
• (k)) for three repre-
sentative Dyn trajectories. The left (right) scale corresponds to λB• (g
B
• ). The running at-
tractor (gB• (k), λ
B
• (k)) approaches the NG
B
+⊕NGDyn+ -FP coordinates in the UV and finite,
non-vanishing values in the IR. In between the running UV attractor touches the boundary of
theory space as can be seen from the divergent coordinates. Notice that (gB• (k), λ
B
• (k)) is the
position of the ‘sink’ the inverse RG flow in the B-sector is pointing to, but not a solution to
the RG equations.
same for all underlying Dyn trajectories (gDynk , λ
Dyn
k ), namely(
gB• (k), λ
B
• (k)
)
k→∞−−−→ NGB+-FP for all (gDynk0 > 0, λDynk0 , gBk0 > 0, λBk0) (5.10)
Thus, for k → ∞ the ‘running fixed point’ (gB• (k), λB• (k)) approaches a true one, namely
NGB+-FP.
Let us consider the imbedding of the running fixed point into the 4-dimensional theory
space. It moves along a curve parametrized by
u•(k) ≡
(
gDynk , λ
Dyn
k , g
B
• (k), λ
B
• (k)
)
(5.11)
Note that the curve k 7→ u•(k) is not an RG trajectory. Since all Dyn trajectories approach
NGDyn+ -FP for k → ∞, it is clear that u•(k) approaches NGB+⊕NGDyn+ -FP in the UV.
However, its global properties depend significantly on the type of the Dyn-trajectory:
(i) The type (IIa)Dyn-trajectory, the separatrix, for instance, describes a cross-over:
GDyn-FP
k→0←−− (gDynk , λDynk ) k→∞−−−→ NGDyn+ -FP (5.12)
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Hence the resulting curve (5.11) connects two fixed points, namely the ‘doubly non-Gaussian’
one in the UV, and the mixed NGB+⊕GDyn-FP in the IR:
NGB+⊕GDyn-FP k→0←−− u•(k) k→∞−−−→ NGB+⊕NGDyn+ -FP (5.13)
(ii) For type (Ia)Dyn and (IIIa)Dyn trajectories, where λDyn for k → 0 goes to −∞ and +∞11,
respectively, the point (5.9) approaches, in the IR,
(
gB• , λ
B
•
)
λDyn→±∞−−−−−−→
(
3π
5
,−2
5
)
(5.14)
At a certain intermediate scale (0 < k <∞), the running attractor touches the bound-
ary of theory space, i.e. it is pulled to infinity12 , then returns to the interior of theory space,
and finally moves towards NGB+-FP, under upward evolution. This behavior is clearly seen
in the diagrams of Fig. 6.
(B) Stability of the ‘moving fixed point’. Let us linearize the B-system (5.1) about
(gB• , λ
B
• ) and deduce a k-dependent analogue of a stability matrix, B(gB• , λB• ; k). This matrix
turns out to have two k-dependent eigenvectors V (1/2)• (k), associated to the ‘would-be critical
exponents’, i.e. its negative eigenvalues θ(1)• = 2 and θ
(2)
• = 4, respectively:
B(gB• , λB• ; k) =
 −2 0
1
2
AB(k) −4
 , V (1)• (k) = 4eˆBg + AB(k) eˆBλ , V (2)• (k) = eˆBλ (5.15)
Here, eˆBg and eˆ
B
λ are unit vectors in the g
B- and λB-direction, respectively. As both θ(1)•
and θ(2)• are found to be positive we may conclude that at all scales the point
(
gB• , λ
B
•
)
is
UV-attractive in both B-directions. No matter which initial conditions we choose for the B-
couplings, under upward evolution the B-trajectories k 7→ (gBk , λBk ) are always pulled towards
this point for k →∞. Therefore we shall refer to it as the running UV attractor and denote
it (Attr)B or (Attr)B(k) in the following.
(C) Global structure of the B-flow. For k → 0 the attractor property (Attr)B implies
that all B-trajectories converge to the values (5.14) in the (Ia)Dyn and (IIIa)Dyn cases, and
to NGB+⊕GDyn-FP in the case of the separatrix (IIa)Dyn.
Under upward evolution, when (Attr)B(k) moves due to an increasing k, the B-
trajectories try to follow its motion until they all end up in the doubly non-Gaussian fixed
point NGB+⊕NGDyn+ -FP for k →∞. This behavior is shown in the phase portraits of Figs.
7 - 9 for representative type (Ia)Dyn, (IIa)Dyn, and (IIIa)Dyn trajectories, respectively.
11For a moment we ignore the singularity in the beta-functions at λDyn = 1/2.
12Note that there is nothing wrong with diverging values of gB
•
and λB
•
at some k since, as we stressed
already, the curve followed by the ‘running fixed point’ is not an RG trajectory. A divergent gB
•
and /or λB
•
simply means that at this special value of k there exists no such fixed point.
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Figure 7. The B-phase portraits at increasing scales k. The underlying type (Ia)Dyn trajectory
in the Dyn-sector is shown in the inset on the right, and the current RG time is marked with
a star therein. The arrows point towards the IR and picture the instantaneous vector field in
the B-sector. The (red) solid and the (gray) dashed curve highlight two important solutions in
the B-sector, namely SolB• (k) and Sol
B
(0,0)(k), respectively. Their current position is indicated
by the (green) diamond and the (violet) six-pointed star, respectively.
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Figure 8. The B-phase portraits at increasing scales k. The underlying separatrix in the
Dyn-sector is shown in the inset on the right, and the current RG time is marked with a star
therein. The arrows point towards the IR and picture the instantaneous vector field in the
B-sector. The (red) solid and the (gray) dashed curve highlight two important solutions in the
B-sector, namely SolB• (k) and Sol
B
(0,0)(k), respectively. Their current position is indicated by
the (green) diamond and the (violet) six-pointed star, respectively.
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Figure 9. The B-phase portraits at increasing scales k. The underlying type (IIIa)Dyn trajec-
tory in the Dyn-sector is shown in the inset on the right, and the current RG time is marked
with a star therein. The arrows point towards the IR and picture the instantaneous vector
field in the B-sector. The (red) solid and the (gray) dashed curve highlight two important
solutions in the B-sector, namely SolB• (k) and Sol
B
(0,0)(k), respectively. Their current position
is indicated by the (green) diamond and the (violet) six-pointed star, respectively.
Each one of the ‘snapshots’ displayed in Figs. 7 - 9 is structured as follows. The ‘current
RG-time’ can be inferred from the position of the five-pointed star on the underlying Dyn-
trajectory; it is sketched inside the small box on the right of the phase portrait. The arrows
in this larger diagram represent the 2-component vector field βB ≡
(
βBg , β
B
λ
)
on the gB-λB-
plane at this particular instant of time. The instantaneous integral curves of this vector field
are shown, too; because of its time dependence, those integral curves are no RG trajectories,
however.
Furthermore, information about a single, especially interesting RG trajectory is pro-
vided by the time dependent location of the six-pointed star which can be seen in all snap
shots. It indicates the current position of the solution
(
gBk , λ
B
k
)
of the RG equations which
is fixed by the ‘final condition’ limk→0(gBk , λ
B
k ) = (0, 0). This solution is denoted Sol
B
(0,0)(k)
in the diagrams. The dashed curve, for clarity shown in the plots at any time, is the set of
points visited by SolB(0,0)(k) for 0 ≤ k <∞. It is a true RG trajectory, i.e. a solution to the
eqs. (5.1).
Similarly, we included in all phase portraits a (red) curve that shows another gen-
uine RG trajectory, denoted SolB• (k). It is the solution picked by the ‘final condition’
limk→0
(
gBk , λ
B
k
)
= limk→0
(
gB• (k), λ
B
• (k)
)
. In other words, under upward evolution it grows
out of the UV attractor, with which it coincides at k = 0.
As time elapses from k = 0 to k = ∞, we expect SolB• (k) and (Attr)B(k) to follow
different paths, since the former curve is an RG trajectory, while the latter is not. This char-
acteristic feature can be clearly observed in the diagrams. The trajectory SolB• (k) ultimately
gets pulled into the doubly non-Gaussian fixed point for k →∞:
(Attr)B(0)⊕ (· · · )Dyn k→0←−− SolB• (k) k→∞−−−→ NGB+⊕NGDyn+ -FP
Here (· · · )Dyn stands for the various possible IR regimes of the underlying dynamical trajec-
tory. The RG-trajectory SolB• (k) is an especially important one since all trajectories converge
towards SolB• (k) when k is increased.
In the snapshots of Fig. 8, obtained from the Dyn-separatrix, this convergence is
clearly seen to occur for the trajectory which, under upward evolution, begins in the doubly
Gaussian fixed point GB⊕GDyn-FP at k = 0. This solution coincides with the attractor’s
position already at a rather low RG-scale where (gB• , λ
B
• ) has not yet moved much and seems
to be k-independent. Only after both trajectories have merged, (gB• , λ
B
• ) actually starts
running rapidly, and the remaining evolution towards k → ∞ can be entirely described by
the red curve that sits on top of the dashed one.
In the plots the attraction towards (gB• , λ
B
• ) is well visible since the running UV at-
tractor is first heading for infinity in the vertical direction, then returns, moves to λDyn ≈ 0,
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and lowers its gDyn value until it ultimately reaches NGB+-FP. This motion of the running
attractor reflects itself in the bow of the trajectories.
In Fig. 7, pertaining to a (Ia)Dyn trajectory, this feature is less pronounced: The SolB• -
solution remains close to the Gaussian fixed point value for a long period of RG-time, and
the confluence of both curves takes place in the far UV only.
Finally, Fig. 9 for the (IIIa)Dyn case looks very similar to the type (Ia)Dyn result and
most of the significant running in the B-sector takes place in the UV only. In the IR we went
down only to RG-scales which are such that λDynk is still well separated from the singular
boundary of theory space at λDyn = 1/2.
(D) Summary of the attractor mechanism. In Fig. 10 we give a schematic description
of the attractor mechanism which we uncovered in the ‘snapshots’. It is sufficient to focus on
the (upward!) evolution of (Attr)B(k) and its most interesting ‘follower’ the RG trajectory
SolB• (k). The dashed (black) and solid (red) curves describe the footprints of (Attr)
B(k) and
PSfrag replacements
gB
λB(Attr)B(k=0)
∂(gB, λB)
NGFP
Figure 10. The dashed (black) and solid (red) curve show the k-dependent positions of
(Attr)B(k) and SolB• (k) on the g
B-λB-plane. Recall that SolB• (k) is an RG trajectory while
(Attr)B(k) is not. The (orange) dotted curve indicates the boundary ‘∂(gB, λB)’ where the B-
couplings diverge. The clocks mark equal-time positions on the curves; the black filling indicates
the elapsed RG time for upward evolution. The dashed (blue) arrows indicate the direction
in which SolB• (k
′) is pulled at ‘time’ k′, namely the position of the attractor at this instant of
time, (Attr)B(k′). While initially, at k = 0, the trajectory SolB• (0) coincides with (Attr)
B(0)
the curves depart due to their different velocities. They meet again at NGB+⊕NGDyn+ -FP
for k → ∞. However, the motion of (Attr)B(k) at intermediate scales is encoded in the
indentation of the SolB• (k) curve before it approaches NG
B
+⊕NGDyn+ -FP.
SolB• (k), respectively, during their full evolution from k = 0 to k → ∞. In the upper right
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part of the plot the (orange) dotted curve adumbrates the boundary of (gB, λB)-space where
the B-couplings diverge. The clocks mark equal-time positions on both curves; their black
filling indicates the RG time elapsed since they left their common initial point, (Attr)B(k =
0). The attraction of SolB• (k
′) to the current position of (Attr)B(k′) is indicated by the
dashed (blue) arrows.
Notice that the two tracks meet only in the IR, at(Attr)B(0) (red star on the bottom),
and at NGB+⊕NGDyn+ -FP in the UV. This is due to the following fact. While SolB• (k′) is
an RG trajectory whose velocity is determined by the beta-functions, (Attr)B(k) is a k-
dependent solution to a ‘non-evolution’ equation. The latter moves to the boundary of
(gB, λB)-space for some intermediate scales, but rapidly turns back to finite values of gB
and λB, and then slowly approaches NGB+⊕NGDyn+ -FP from above. On the other hand,
the RG trajectories, in particular SolB• (k), have a smaller velocity and thus only see the
‘taillamp’ of (Attr)B(k) with which they try to catch up. The journey of (Attr)B(k) to the
boundary and back is reflected in the indentation of the SolB• (k) curve before it approaches
NGB+⊕NGDyn+ -FP.
Summary: We have seen that the RG-evolution in the B-sector is crucially determined by
the scale dependent UV attractor (Attr)B(k). Whereas, in the UV, the RG-trajectories
have no other choice but ultimately run into NGB+⊕NGDyn+ -FP for k → ∞, they differ
strongly in their IR behavior, in particular in the way they approach the physical point
k = 0. Following the trajectory backward, i.e. for increasing k, the dependence on their
‘initial’ point
(
g
Dyn/B
k0
, λ
Dyn/B
k0
)
reduces the more the closer
(
gBk , λ
B
k
)
gets to the running UV
attractor
(
gB• (k), λ
B
• (k)
)
.
5.4 Split symmetry restoration in the physical limit k → 0
We will now search for RG trajectories which comply with the requirement of split-
symmetry restoration in the IR, i.e. when k is lowered towards the physical point k = 0.
Recall that split-symmetry is a property of idealized solutions of the FRGE where
Γk[h¯; g¯] reduces to a functional of a single field, gµν = g¯µν + h¯µν . If fully intact in the
truncation ansatz (2.6), its G
(p)
k ’s and Λ
(p)
k ’s are the same then at all levels, p = 0, 1, 2, · · · . In
B-Dyn language, this is tantamount to saying that Γgravk [g, g¯] looses its ‘extra g¯-dependence’
so that, for p = 1, 2, 3, · · · :
1
G
(p)
k
≡ 1
GDynk
!
=
1
G
(0)
k
≡ 1
GDynk
+
1
GBk
⇔ 1
GBk
≡ k
2
gBk
!
= 0 (5.16a)
Λ(p)
G
(p)
k
≡ Λ
Dyn
k
GDynk
!
=
Λ
(0)
k
G
(0)
k
≡ Λ
Dyn
k
GDynk
+
ΛBk
GBk
⇔ Λ
B
k
GBk
≡ k4 λ
B
k
gBk
!
= 0 (5.16b)
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Clearly we cannot expect those conditions to hold everywhere along a trajectory, at best,
and only approximately, in a restricted regime of scales. After all, split-symmetry is broken
explicitly both by the gauge fixing and the cutoff term. It is desirable, however, to base the
construction of QEG on an asymptotically safe trajectory which reinstalls split-symmetry
as exactly as possible13 for k → 0: In this limit the EAA approaches the standard effective
action whose n-point functions, taken on-shell, are related to observable S-matrix elements.
By eqs. (5.16), approximate split-symmetry demands GBk to be very ‘large’, and Λ
B
k to
be very ‘small’, in an appropriate sense. Note that these are conditions on the B-couplings
only, the Dyn ones are left unconstrained.
If the relations (5.16) indeed hold true for all k in some interval (k1, k2), the k-
differentiated relations are satisfied, too. They require the beta-functions of the dimensionful
B-couplings to vanish; from (5.2):
∂t
(
1/GBk
)
= −k2BB1 (λDynk , gDynk ) != 0 (5.17a)
∂t
(
ΛBk /G
B
k
)
= k4AB(λDynk , g
Dyn
k )
!
= 0 (5.17b)
The conditions (5.17) guarantee the stability of (5.16) under the RG-evolution. Notice
that, by them, the running of the B-couplings is not explicitly restricted, rather they put
constraints on the Dyn quantities λDynk and g
Dyn
k . This is just opposite as above.
When we try to solve (5.17) by finding simultaneous zeros of BB1
!
= 0 and AB
!
= 0 we
find that (on the gDyn > 0 half-plane) there exists only one such zero, namely the point
(gDynzero , λ
Dyn
zero) ≈ (0.708, 0.207). This shows clearly that we have to abandon the idea of
finding a full trajectory that preserves split-symmetry, but rather look for RG-trajectories
that restore split-symmetry in the physical limit k → 0 at least, which is perfectly sufficient.
Nevertheless, it is quite remarkable that the point (gDynzero , λ
Dyn
zero) is strikingly close to
the NGDyn+ -FP fixed point which we located at (g
Dyn
∗ , λ
Dyn
∗ ) ≈ (0.703, 0.207). There is no
obvious general reason for this ‘miracle’ to happen.
5.4.1 Split symmetric ‘final conditions’ in the B-sector
From now on we shall be modest and try to establish split-symmetry at k = 0 only.
In order to explore the implications of (5.16) for this case let us assume we have solved
the differential equations of the Dyn sector, found all trajectories k 7→
(
gDynk , λ
Dyn
k
)
, and
labeled them by their position
(
gDynk0 , λ
Dyn
k0
)
at some intermediate scale, 0 < k0 <∞. Then,
13Which is not to say, fully. The gauge fixing dependent contents of Γk which never makes its way into
observables may remain split-symmetry violating. Note that in the present truncation this ‘gauge fixing
dependent contents’ is the Γgf + Γgh part of the EAA which never becomes split-symmetric, of course. Our
discussion concerns only the Γgrav-part of the EAA ansatz.
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inserting the Dyn-trajectories into the flow eqs. (5.2b) for gBk and λ
B
k , our task is to identify
those initial, or more appropriately, final conditions for the B couplings that lead to intact
split-symmetry in the physical limit k → 0.
Taking advantage of the explicit solution to the two B-equations given in (5.3) and
(5.7) the requirement of split-symmetry, at some k which is still arbitrary, assumes the form
1
GBk
= k2
1
gBk
=
k20
gBk0
−
∫ k
k0
k′BB1 (k
′)dk′ != 0 (5.18a)
ΛBk
GBk
= k4
λBk
gBk
= k40
λBk0
gBk0
+
∫ k
k0
dk′ k′ 3AB(k′) != 0 (5.18b)
We want split-symmetry to be intact at k = 0, so we now let k → 0 in the conditions (5.18),
while keeping k0 strictly nonzero throughout. Then these conditions uniquely fix ‘initial’
values
(
GBk0 , Λ
B
k0
)
for the dimensionful14 background couplings at k = k0:
GBk0 = g
B
k0/k
2
0 = −
( ∫ k0
0
k′BB1 (k
′)dk′
)−1
(5.19a)
ΛBk0 = λ
B
k0
k20 = G
B
k0
∫ k0
0
dk′ k3 ′AB(k′) (5.19b)
Here BB1 (k) ≡ BB1 (gDynk , λDynk ) and AB(k) ≡ AB(gDynk , λDynk ) depend manifestly on the Dyn
trajectory under consideration.
This result is good news for the Asymptotic Safety program in a twofold way: First,
there does indeed exist a trajectory in the B-sector which complies with the requirement of
split-symmetry at k = 0, but second, there is only one such trajectory; as a consequence,
when solving the RG equations for the B-couplings there are no constants of integration that
could be chosen freely, and this increases the predictivity of the theory.
Another remarkable feature of the initial conditions (5.19) is their close relationship to
the running attractor (Attr)B(k), to which we turn next.
5.4.2 The k → 0 asymptotics of the Dyn trajectories
As a necessary preparation for the exploration of the split-symmetry restoration of the
full 4-dimensional system and to demonstrate the role played by the running attractor we
first summarize the IR behavior of (gDynk , λ
Dyn
k ) along trajectories of the three types, (Ia)
Dyn,
(IIa)Dyn, and (IIIa)Dyn, respectively.
14Note that because of the explicit factors of k2 and k4, respectively, which relate dimensionless and
dimensionful quantities in eqs. (5.18) the implications of split-symmetry in the limit k → 0 are discussed
most easily in dimensionful terms.
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Type (Ia)Dyn: This type of trajectories has the defining property that λDynk
k→0−−→ −∞. If
we consider the Dyn-system for very large negative (positive) values of λDynk we obtain the
following asymptotic solutions (for gDynk0 > 0):
gDynk =
2πgDynk0 k
2
gDynk0 (k
2
0 − k2) + 2πk20
k→0−−→ 0 (5.20)
λDynk =
gDynk0 (k
4
0 − k4)− 6πk40λDynk0
3k2
(
gDynk0 (k
2 − k20)− 2πk20
) k→0−−→ ±∞ (5.21)
Here the sign for the limit of λDyn0 agrees with that of λ
Dyn
k0
sign
(
6πλDynk0 − gDynk0
)
. For type
(Ia)Dyn trajectories the initial point (gDynk0 , λ
Dyn
k0
) is chosen such that the IR-limit of λDynk is
negative. (The positive sign in (5.21) applies to the type (IIIa)Dyn we will discuss below.)
The corresponding dimensionful Dyn-couplings have the following asymptotic behavior:
1
GDynk
=
gDynk0 (k
2
0 − k2) + 2πk20
2πgDynk0
k→0−−→ 1
GDynk0
+
k20
2π
(5.22a)
ΛDynk
GDynk
= k40
[
λDynk0 /g
Dyn
k0
− 1
6pi
(
1− (k/k0)4
)]
k→0−−→ Λ
Dyn
k0
GDynk0
− k
4
0
6π
(5.22b)
The IR-limit of GDynk in eq. (5.22a) will later on be used to define the Planck mass for the
class of type (Ia)Dyn trajectories.
Type (IIa)Dyn: Along the separatrix the dimensionless cosmological and Newton’s con-
stant approach zero in the IR: λDynk
k→0−−→ 0 and gDynk k→0−−→ 0. Linearizing around the values
gDyn = 0 = λDyn we find
gDynk = g
Dyn
k0
(k/k0)
2 k→0−−→ 0 1/GDynk =
k20
gDynk0
k→0−−→ k
2
0
gDynk0
(5.23a)
λDynk =
3
8π
gDynk0 (k/k0)
2 k→0−−→ ±0 ΛDynk /GDynk =
3
8π
k4
k→0−−→ 0 (5.23b)
The initial values λDynk0 and g
Dyn
k0
, imposed near the Gaussian fixed point, are constrained by
the ‘separatrix condition’ λDynk0 = (3/8π)g
Dyn
k0
.
Type (IIIa)Dyn: The type (IIIa)Dyn trajectories suffer from the well known problem that
they run into a divergence of the beta-functions and terminate at some low but nonzero
scale kterm when λ
Dyn
k reaches the value 1/2: Neither within the single- nor the bi-metric
Einstein-Hilbert truncation their full extension to k = 0 can be computed. Nevertheless, the
situation is fairly clear for the trajectories of interest, namely those that before hitting the
singularity enjoy a long classical regime [32,61] in which GDynk ≡ GDyncl.reg. and ΛDynk ≡ ΛDyncl.reg. are
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approximately constant. Their dimensionless counterparts are then given by, for k ≫ kterm
in the classical regime (‘cl.reg.’),
gDynk = G
Dyn
cl.reg.k
2 (5.24a)
λDynk = Λ
Dyn
cl.reg./k
2 (5.24b)
For the purposes of the present paper we hypothesize that in reality the classical regime
even extends to scales k → 0. The running (5.24) corresponds to that found in (5.21) then.
5.4.3 The attractor mechanism of split-symmetry restoration
Next we are going to insert the various types of asymptotic (for k → 0) solutions
k 7→
(
gDynk , λ
Dyn
k
)
into BB1 (k) ≡ BB1 (gDynk , λDynk ) and AB(k) ≡ AB(gDynk , λDynk ). Then we
use the resulting functions in eqs. (5.19) for the initial values
(
GBk0 , Λ
B
k0
)
whereby we can
perform the two k′-integrals analytically. For the asymptotic formulae to be sufficiently good
approximations in the integrands we must choose k0 very close to zero (more precisely, much
smaller than the Planck scale, k0 ≪
(
GDyn0
)−1/2
, see below). To convince yourself that the
use of the asymptotic solutions is indeed permissible then, and to see what it entails, notice
also the following facts:
(i) Since gDynk approaches zero in the IR for all three classes of Dyn trajectories, contribu-
tions to BB1 and A
B containing the anomalous dimension ηDyn ∝ gDyn produce only terms
of subleading order in the asymptotic expansion, which we may neglect. This implies in
particular qpn (−2λ
Dyn
k
) ≈ Φpn (−2λDynk ) for gDynk → 0.
(ii) For the large values of λDynk which occur in IR of type (Ia)
Dyn and (IIIa)Dyn trajectories
we may exploit that limλDyn
k
→±∞Φ
p
n (−2λ
Dyn
k
) = 0 for n ≥ 1. Only the ghost terms contribute
to AB and BB1 . For the separatrix we instead use limλDyn
k
→0Φ
p
n (−2λ
Dyn
k
) = Φpn (0) in lowest
order.
(iii) The ghost contributions to both BB1 and A
B are unaffected by any approximation in
the Dyn sector, simply because they do not depend on the Dyn couplings at all and are thus
k-independent and independent of the Dyn initial conditions.
Going through the explicit formulae for BB1 and A
B it is now easy to check that, as a
consequence of these three simplifying properties, we are entitled to perform the integrals
(5.19) in the far IR by substituting constant functions BB1 (k) ≈ BB1 (0) and AB(k) ≈ AB(0).
In this manner we find that the initial values of the B couplings that lead to a fully intact
split-symmetry at k = 0, are given by
GBk0 =
(
− 2/BB1 (0)
)
/k20 = g
B
• (0)/k
2
0 (5.25a)
ΛBk0 =
(
− 1
2
AB(0)/BB1 (0)
)
k20 = λ
B
• (0) k
2
0 (5.25b)
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This is an important result, and various comments are in order here:
(A) By comparing the initial values (5.25) to the coordinates (5.9) of (Attr)B(k) in the
limit λDyn → ±∞ or λDyn → 0, respectively, we find that the split-symmetry restoring initial
point (gBk0, λ
B
k0) coincides exactly with the location of the running UV attractor (g
B
• , λ
B
• ) for
k = 0.
(B) In the first place, the result demonstrates that there exists indeed a fully extended RG
trajectory, well behaved at all scales between zero and infinity. It defines an asymptotically
safe theory, hitting a NGFP for k → ∞, and at the same time restores split-symmetry in
the physical limit k → 0 when all fluctuations are integrated out. At least numerically,
we can compute this trajectory for all k ∈ [0,∞). In this way we have verified that the
trajectory lies indeed on the UV critical hypersurface of the doubly non-Gaussian fixed
point, NGB+⊕NGDyn+ -FP.
(C) There exists one, and only one set of initial values in the B-sector, (gBk0, λ
B
k0), that leads
to split-symmetry at k = 0. (The uniqueness follows from the fact that the running UV
attractor is IR repulsive in all directions.) This has the positive side effect that the number
of free parameters that characterize the asymptotically safe quantum theories one can con-
struct does not increase when we generalize the 2-parameter single-metric Einstein-Hilbert
truncation to the 4-parameter bi-metric one. In fact, the newly introduced parameters im-
mediately get ‘eaten up’ by the necessity to turn the split-symmetry violations to zero at
k = 0.
(D) For type (Ia)Dyn and (IIIa)Dyn trajectories the presence of the ghost contributions (ρgh =
1) is found to be essential for the existence of the symmetry restoring point. Making ρgh
explicit, the corresponding IR solutions assume the form
1
GBk
k→0−−→ 1
GBk0
− 5ρgh
3π
k20 (5.26a)
ΛBk
GBk
k→0−−→ Λk0
GBk0
+
2ρgh
3π
k40 (5.26b)
From here the split-symmetry restoring initial values GBk0 = 3π/(5k
2
0 ρgh) and Λ
B
k0 = −2/5
can be deduced. Omitting the ghost terms (ρgh = 0) split-symmetry restoration in the IR
would require GBk0 → ∞ at a nonzero k0! Note also that the corresponding dimensionless
initial data, for ρgh = 1, are (g
B
k0
, λBk0) = (3π/5, −2/5) which, by (5.15), is exactly the IR
position of the attractor, (Attr)B(k → 0).
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(E) For the separatrix there are additional graviton contributions shifting the initial data
towards smaller values:
1
GBk
k→0−−→ 1
GBk0
− (7 + 20ρgh)
12π
k20 (5.27a)
ΛBk
GBk
k→0−−→ Λ
B
k0
GBk0
− (5− 8ρgh)
12π
k40 (5.27b)
‘Switching on’ the ghosts (ρgh = 1) the split-symmetry restoration happens at
(
gBk0, λ
B
k0
)
=(
4π/9, −1/9
)
. These are precisely the B-coordinates of the fixed point NGB+⊕GDyn-FP,
which in turn equals the k → 0 limit of (Attr)B(k) for the type (IIa)Dyn trajectory.
Summary: For every RG trajectory of the Dyn sector there exists precisely one associated
trajectory of the B couplings which restores split-symmetry for k → 0. In the IR, the B
trajectory approaches the (UV attractive, i.e., IR repulsive) running attractor (Attr)B(k).
For k →∞, the combined 4-dimensional trajectory is asymptotically safe and runs into the
fixed point NGB+⊕NGDyn+ -FP.
5.5 All classes of split-symmetry restoring trajectories
In this subsection we provide a survey of all classes of RG trajectories with restored
split-symmetry in the IR, and we present explicit examples. In the Dyn-sector, we do have
the freedom of choosing initial data gDynk0 and λ
Dyn
k0
at some k = k0, and so we will select
a typical representative of each type (Ia)Dyn, (IIa)Dyn, and (IIIa)Dyn, respectively. Once
such a solution is picked we have no further freedom: the values of gBk0 and λ
B
k0
are then
uniquely determined by the requirement of split-symmetry at k = 0, and so there is a unique
‘lift’ of the 2-dimensional Dyn trajectory to the 4-dimensional theory space. The resulting
trajectories will be referred to as of type (Ia)Dyn-(Attr)B, (IIa)Dyn-(Attr)B, and (IIIa)Dyn-
(Attr)B, respectively. Clearly the last type is the most interesting one since it is closest to
real Nature, presumably.
In the following we shall always express the RG-scale k and the dimensionful couplings
in units of the Planck mass defined by the dynamical Newton constant: mPl = [G
Dyn
kIR
]−1/2.
For the infrared normalization scale kIR we choose kIR = 0 for the type (Ia)
Dyn and (IIa)Dyn
trajectories. In the (IIIa)Dyn case were we cannot follow the evolution down to k = 0 we
choose for kIR a value in the (semi-)classical regime where G
Dyn
k and Λ
Dyn
k are approximately
constant (lower horizontal branch of the trajectory). In principle the notion of a ‘Planck
mass’ depends on the level of the Newton constant used to define it. In our case there is no
ambiguity since we enforce split-symmetry in the IR. Hence all G
(p)
k give rise to the same
Planck mass: mPl = limk→0
(
1/
√
G
(p)
k
)
≡ 1/
√
G
(0)
0 ≡ 1/
√
GDyn0 . This definition depends on
the chosen trajectory, however.
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Next we present the k-dependence of all running couplings, both in dimensionless and
dimensionful form, for one representative numerical solution in each class of trajectories.15
For comparison we include the single-metric result for the Einstein-Hilbert truncation [11]
using the same initial data as for the Dyn couplings. The diagrams in Figs. 11-13, 14-16, and
17-19, respectively, are devoted to the (Ia)Dyn-, (IIa)Dyn-, and (IIIa)Dyn-(Attr)Btrajectories.
In all plots we employ the following color / style-coding to distinguish the couplings
gI , GI , λI , and ΛI , for I ∈ {Dyn, B, (0), sm}:
dashed (red): I = sm (single-metric)
solid (dark-blue): I = Dyn ≡ (p) for p ≥ 1
solid (light-blue): I = (0)
dot-dashed (blue): I = B
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Figure 11. Type (Ia)Dyn-(Attr)Btrajectory: dimensionless couplings.
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Figure 12. Type (Ia)Dyn-(Attr)Btrajectory: dimensionful couplings.
(A) Let us first consider the running dimensionless couplings shown in Figs. 11, 14, and 17.
The following features are shared by all three types of trajectories:
15For the ‘initial’ conditions at the scale k0 = 1 we set (g
Dyn
k0
, λDynk0 ) = (0.3, −0.01), (g
Dyn
k0
, λDynk0 ) =
(3pi8 10
−4, 10−4), and (gDynk0 , λ
Dyn
k0
) = (0.05, 0.01) for the representative of type (Ia)Dyn, (IIa)Dyn, and
(IIIa)Dyn, respectively.
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Figure 13. Type (Ia)Dyn-(Attr)Btrajectory: the coefficients as they appear in the EAA. Note
the perfect split-symmetry restoration in the IR: 1/GBk and Λ
B
k /G
B
k vanish for k → 0, implying
that Γgravk looses its extra g¯µν dependence.
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Figure 14. Type (IIa)Dyn-(Attr)Btrajectory: dimensionless couplings.
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Figure 15. Type (IIa)Dyn-(Attr)Btrajectory: dimensionful couplings.
The solutions for the single-metric, the level-(0) and the Dyn couplings do not agree in
any approximate sense, but differ quite significantly for most k. In the IR, we imposed the
requirement of split-symmetry and this is clearly seen even in the results for the dimensionless
quantities: For k → 0, in the classical regimes, the p = 0 and p ≥ 1 curves overlap basically.
Likewise, in the UV, we observe that, consistent with the analysis in Section 6, there is a
remarkable similarity of the single- and bi-metric curves in the vicinity of their non-Gaussian
fixed points. All plots confirm this numerical ‘miracle’ which, as we emphasized already, is
not due to any general principle. (But it is highly welcome of course.) At intermediate
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Figure 16. Type (IIa)Dyn-(Attr)Btrajectory: the coefficients as they appear in the EAA.
Note the split-symmetry restoration for k → 0.
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Figure 17. Type (IIIa)Dyn-(Attr)Btrajectory: dimensionless couplings.
scales the single-metric and the bi-metric solutions are found to be rather different, even
qualitatively. This is precisely the symptom of the broken split-symmetry.
In conclusion we can say in comparison with the bi-metric truncation, the single-metric
treatment seems to be a good approximation in the far IR and UV, but at the quantitative
level it does not account for what happens in between. It must be said that the single-metric
results convey the correct qualitative picture, nevertheless.
(B) Next we take a look at the dimensionful couplings, expressed in units of the Planck
mass. Figs. 12, 15, and 18 show the results for the Newton and cosmological constants
for the three classes. As for the asymptotic k-dependence of the Newton constants GIk,
I ∈ {Dyn, B, (0), sm} we observe that all of them vanish for k →∞.
Thus we recover gravitational anti-screening in the bi-metric setting, but only at a high
(Planckian) scale. In fact, it is quite impressive to see that, for k below the Planck scale,
the dynamical Newton constant GDynk actually increases with k then, assumes a maximum
near k ≈ mPl, and finally decreases for k & mPl. On the other hand, the single-metric
Newton constant Gsmk decreases with k at all scales k ≥ 0. Clearly this behavior of GDynk is
a consequence of the sign-flip of BDyn1 (λ
Dyn), and therefore ηDyn, at λDyn = λDyncrit .
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(C) For k → 0 the background Newton constant GBk diverges, and ΛBk vanishes, exactly
as it should be in order to make 1/GBk vanish in this limit, which is necessary for split-
symmetry. This is best seen in Figs. 13, 16, and 19. There the dependence of the prefactors
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Figure 18. Type (IIIa)Dyn-(Attr)Btrajectory: dimensionful couplings.
of the B-type invariants in the truncation ansatz on k is shown, namely 1/GBk and Λ
B
k /G
B
k ,
respectively. Remember that the (blue) dot-dashed line is related to the B-sector, it is very
impressive to see how close to zero it stays in the IR for all three types of trajectories. These
plots confirm that we were indeed successful in combining Background Independence with
Asymptotic Safety.
Notice that for moderately large values of k the B-prefactors increase. Their deviation
from zero is relatively small when compared with the Dyn- or level-(0) sector, and this implies
that split-symmetry is intact at least approximately. For intermediate scales we again find
considerable violation of split-symmetry, which manifests itself by B-coefficients which are
now of the same order as the Dyn- and level-(0) ones. Therefore the single-metric (red,
dashed line) only converges to the bi-metric curves for k → 0 and k →∞.
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Figure 19. Type (IIIa)Dyn-(Attr)Btrajectory: the coefficients as they appear in the EAA.
Note again the vanishing 1/GBk and Λ
B
k /G
B
k , indicative of split-symmetry restoration in the
limit k → 0.
From the differences between the p = 0 and p ≥ 1 curves, too, we see again that
for all three trajectory types split-symmetry is apparently well restored in the IR and the
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UV, but in between it suffers from a considerable breaking; the Dyn couplings show a more
pronounced k-dependence than the level-(0) couplings, whereas the single-metric functions
are monotone.
6 Single-metric vs. bi-metric truncation:
a confrontation
In this section we perform an in-depth analysis of the differences between the bi-metric
Einstein-Hilbert truncation and its single-metric approximation. We shall describe how
precisely their results are interrelated on general grounds, and what can be learned from the
numerical comparison about the validity of the single-metric truncation. As we shall see,
its degree of reliability varies considerably over the theory space. For future work it will
be important to know of course where, and to what extent it can be trusted. In particular
we shall also understand why in the past it has always been notoriously difficult to obtain
accurate and stable results for the critical exponents.
In this section, in subsection 6.7, we shall also critically examine how our new method
based on the ‘deformed α = 1 gauge’ compares to the bimetric calculation in ref. [39] which
employed the transverse-traceless approach.
This section is of a somewhat technical nature, and can be skipped by the reader who
is mostly interested in the results.
6.1 Collapsed level hierarchies
Let us write the level-expanded EAA symbolically as Γk[h¯; g¯] =
∑∞
p=0 F
(p)
k [g¯] (h¯µν)
p
where the F
(p)
k ’s depend on the background metric only. When we insert this expansion
into the FRGE and project on a fixed level p we see that ∂tF
(p)
k which appears on its LHS
gets equated to an expression exclusively involving {F (q)k | q = 2, · · · , p+2}. Hence the scale
derivative of all (dimensionful) level-(p) couplings is given by a beta-function depending on
the level-(q) couplings, with q = 2, · · · , p + 2, only.16 This is the generic situation when no
special restrictions on the form of the EAA are assumed: the FRGE amounts to an infinite
hierarchy of equations ∂tF
(p)
k = · · · for p = 0, 1, 2, 3, · · · which does not terminate at any
finite level and couples all levels therefore. Only if it was possible to realize split-symmetry
exactly this tower of equations collapses to a single equation that governs all levels.
16The dimensionless couplings also contain trivial canonical terms in their beta-functions, of course. They
play no role in this discussion and are ignored here.
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The bi-Einstein-Hilbert truncation used in the present paper involves the assumption
that split-symmetry is broken only weakly, and that differences among the ‘higher’ levels
p = 1, 2, 3, · · · are sufficiently small so that they may be ignored. The lowest level, p = 0,
however is dealt with separately and is allowed to show a RG behavior different from p ≥ 1.
As always, the p = 0 couplings have beta-functions which depend on the p = 2 couplings.
For the present truncation the latter happen to be equal to those at all non-zero levels p ≥ 1.
Stated more abstractly, what reduced the infinite hierarchy of RG equations to just 2
equations was an additional hypothesis about the RG flow, namely that the split-symmetry
breaking is such that it lifts only the degeneracy between levels with p = 0 and p > 0, while
those with p > 0 remain degenerate among themselves.
The logical status of the familiar single-metric truncations can be characterized anal-
ogously. Here the additional hypothesis invoked is even stronger: one pretends that the
solutions to the FRGE exhibit exact split-symmetry so that all levels p = 0, 1, 2, 3, · · · un-
dergo an equivalent RG evolution. It is sufficient then to retain the RG equations for the
lowest level at p = 0 to fix the k-dependence of all running couplings.
6.2 Relating single- and bi-metric beta-functions
Let us return to the concrete example of the bi-Einstein-Hilbert truncation with its
4 independent couplings {g(0), λ(0), g(1), λ(1)} and let us see in which way precisely its beta-
functions are related to those of the standard single-metric Einstein-Hilbert truncation with
only 2 running couplings. Recall that after the conformal projection gµν = e
2Ωg¯µν the EAA
of the former equals that of the latter for Ω = 0. In the bi-metric case, the flow equation is
expanded in powers of Ω, whereby the zeroth and first orders in Ω correspond to the level-(0)
and level-(1) couplings, respectively. Structurally the single-metric beta-functions βsmg and
βsmλ thus coincide with the beta-functions of the level-(0) couplings, however only after we
have identified all couplings of different orders.
Even though this sounds trivial it changes the form of the beta-functions quite signifi-
cantly so that the new differential equations are of a rather different type, with qualitatively
new properties. For example, the anomalous dimension ηDyn that (contrary to ηB!) can
appear on the RHS of the bi-metric flow equation is no longer related to an independent
coupling g(2) then, but in fact to the ηB-related g(0). This transition changes the simple,
Bernoulli-type differential equation (5.1) into a much more complicated non-polynomial (but
autonomous) one.
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In detail, we have to apply the following identifications:
βsmg/λ(g
sm, λsm; d) ≡ β(0)g/λ({g(q) = gsm, λ(q) = λsm}; d)
∣∣∣
η(p)≡ηsm p ∈ {0, 1, 2, · · · } (6.1a)
g(0) = g(1) = · · · = gsm , λ(0) = λ(1) = · · · = λsm . (6.1b)
The running of all couplings at higher levels is pretended to be described by the two beta-
functions from level-(0).
6.3 Conditions for the reliability of a single-metric calculation
To check whether the single-metric truncation is a good approximation to the bi-metric
one, we must study the beta-functions of the higher levels, the conditions (6.1), and their
implications:
gsmk
!
= g
(0)
k = g
(1)
k = · · · , λsmk != λ(0)k = λ(1)k = · · · , (6.2a)
βsmg/λ(g
sm, λsm; d)
!
= β
(p)
g/λ({g(q) = gsm, λ(q) = λsm}; d) p, q ∈ {0, 1, 2, · · · } (6.2b)
Notice that contrary to split-symmetry requirement where it was more natural to consider
dimensionful couplings, the requirements (6.2) are constraints on the dimensionless cou-
plings. But of course as long as we are not taking the k → 0 or k → ∞ limit we can
simply strip off the explicit k-factors from the split-symmetry condition and end up with the
conditions (6.2):
Gsmk = k
−(d−2)gsmk
!
= k−(d−2)g(0)k = k
−(d−2)g(1)k = · · · = G(p)k (6.3a)
Λsmk = k
2λsmk
!
= k2λ
(0)
k = k
2λ
(1)
k = · · · = Λ(p)k (6.3b)
Though in principle there is the possibility that the explicit k-dependence of the dimensionful
couplings gives rise to split-symmetry for k = 0 or k → ∞ only, we never relied on this
possibility, and we shall never do it in what follows. This puts the respective requirements
for intact split-symmetry and a valid single-metric approximation on an equal footing.
6.4 The anomalous dimensions: structural differences
In the remainder of this section we restrict the discussion to the Newton couplings.
This covers already all subtleties that arise in concretely working out the conditions (6.2)
and their generalization to the full 4-dimensional theory space.
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The beta-functions of the Newton constants in the level-description were found in eqs.
(3.2) and (3.10), respectively:
β(0)g (g
Dyn, λDyn, g(0); d) =
[
d− 2 +
(
B
(0)
1 (λ
Dyn; d) + ηDynB
(0)
2 (λ
Dyn; d)
)
g(0)
]
g(0) (6.4a)
βDyng (g
Dyn, λDyn; d) =
[
d− 2 +
(
BDyn1 (λ
Dyn; d) + ηDynBDyn2 (λ
Dyn; d)
)
gDyn
]
gDyn (6.4b)
Due to the back-reaction of the Dyn-couplings, i.e. those with p ≥ 1, especially via ηDyn,
eqs. (6.4a) and (6.4b) amount to structurally quite different expressions for the anomalous
dimensions:
η(0)(gDyn, λDyn, g(0); d) =
[
B
(0)
1 (λ
Dyn; d) + ηDynB
(0)
2 (λ
Dyn; d)
]
g(0) (6.5a)
ηDyn(gDyn, λDyn; d) =
BDyn1 (λ
Dyn; d)gDyn
1− BDyn2 (λDyn; d)gDyn
(6.5b)
The ‘confusion’ of different levels by the single-metric truncation yields a formula for its
anomalous dimension ηsm that combines the non-polynomial gDyn dependence (6.5b) at the
levels p ≥ 1, with the dependence on the cosmological constant from level-(0), the latter
given by B
(0)
1/2(λ; d). Explicitly, we can extract the single-metric beta-functions for Newton’s
coupling by applying (6.1) to eq. (6.4):
βsmg (g
Dyn, λDyn, g(0); d) = β(0)g (g
sm, λsm, gsm; d)
∣∣∣
ηDyn=ηsm
=
[
d− 2 +
(
B
(0)
1 (λ
sm; d) + ηsmB
(0)
2 (λ
sm; d)
)
gsm
]
gsm (6.6)
The identification of ηDyn with ηsm leads to an implicit equation for ηsm from which we obtain
ηsm(gsm, λsm; d) =
B
(0)
1 (λ
sm; d)gsm
1− B(0)2 (λsm; d)gsm
(6.7)
Eq. (6.7) highlights the limitations of the single-metric formula in approximating the full bi-
metric RG flow: Even though ηsm inherits the dynamical g-dependence and thus reproduces
all findings based on its non-polynomial form, it completely looses any information on the
dynamical λ-dependence. It is thus rather non-trivial that our bi-metric results, even at the
numerical level, in many cases stayed very close to the single-metric ones.
6.5 (Un-)Reliable portions of the single-metric theory space
Since intact split-symmetry is closely related to the reliability of the single-metric
truncation, we expect the IR regime of the trajectories — where we explicitly restored split-
symmetry — to be well approximated by the trajectories of gsm and λsm. The plots presented
in Section 5.5 actually confirm this expectation, see Figs. 11, 14, and 17.
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Nevertheless, we already pointed out that there exists no fully extended solution
{Γk, k ∈ [0,∞)} along which split-symmetry would be intact everywhere. As can be seen in
the diagrams of Section 5.5, only in the extreme IR and UV, that is only when k/mPl ≪ 1
or k/mPl ≫ 1 the dimensionless bi-metric couplings are satisfactorily approximated by the
single-metric ones, in between the curves disagree even qualitatively.
Instead of focusing on a single trajectory only, we next investigate the validity of the
single-metric approximation in an extended region of the bi-metric theory space. For this
purpose we determine the set R of all pairs (g, λ) with g > 0 such that at the points of
theory space associated to them via (g(0), λ(0), gDyn, λDyn) = (g, λ, g, λ) ∈ T the ‘single-
metric condition’ (6.2) is satisfied. Those points form a subset of the 4-dimensional theory
space, denoted
TR = {(g, λ, g, λ) | (g, λ) ∈ R} ⊂ T
We may think of this submanifold as set of initial points for RG trajectories at which the
single-metric approximation is exact. The crucial question is to what extent this submanifold
is invariant under the 4-dimensional RG flow.
If we start from a point with (g(0), λ(0)) = (g, λ) = (gDyn, λDyn), and insist that this
equality is preserved under an infinitesimal RG transformation, we must require that the
corresponding anomalous dimensions agree: η(0)(g, λ, g; d)
!
= ηDyn(g, λ; d). Using (6.5) this
entails a constraint for the pair (g, λ) which involves the B1/2-functions:
0
!
= g
[
B
(0)
1 (λ; d)− BDyn1 (λ; d)
]
+ g2
[
BDyn1 (λ; d)B
(0)
2 (λ; d)− B(0)1 (λ; d)BDyn2 (λ; d)
]
(6.8)
This equation is a necessary condition for (g, λ) ∈ R.
Besides the requirement η(0)
!
= ηDyn, leading to (6.8), the ‘single-metric validity condi-
tions’ (6.2) also include the constraint arising from ηsm(g, λ; d)
!
= ηDyn(g, λ; d). Expressed in
terms of the B1/2-functions it is found to be exactly identical with eq. (6.8).
17 As a result,
equation (6.8) is a sufficient condition for the validity of the single-metric truncation within
R.
Let us now solve eq. (6.8) explicitly to determine the pairs (g, λ) ∈ R.
(i) A first class of solutions consists of points (g, λR) with g arbitrary and λR satisfying both
B
(0)
1 (λ; d) = B
Dyn
1 (λ; d) and B
(0)
2 (λ; d) = B
Dyn
2 (λ; d).
Are there λ-values for which these conditions are satisfied, or satisfied approximately
at least? The explicit comparison of B
(0)
1/2 and B
Dyn
1/2 with respect to their λ-dependence in
d = 4 is depicted in Fig. 20 and Fig. 21, respectively. The dashed vertical line marks
17The coincidence of the η(0) = ηDyn and ηsm = ηDyn conditions is owed to the fact that Bsm1/2 ≡ B(0)1/2,
which reflects the general relationship between the single-metric and the level-(0) conformally projected
bi-metric results.
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Figure 20. This figure depicts the dependence of BDyn1 (λ; 4) and B
(0)
1 (λ; 4) on their argument
λ by the dark, respectively light, blue line. The difference of the functions is shown as the
(red) curve inserted in the lower left corner. In both plots the fixed point value λDyn∗ is marked
with the dashed vertical line. The smaller the difference of BDyn1 (λ; 4) and B
(0)
1 (λ; 4) the better
is the single-metric approximation to the bi-metric truncation. While in the vicinity of the
Gaussian fixed point there is a large discrepancy, the point of best approximation is seen to be
(miraculously) close to the NGFP value λDyn∗ .
the fixed point value of the dynamical cosmological constant, λDyn∗ . The dark line gives
the dependence of BDyn1/2 on λ, whereas the light one shows the functions B
(0)
1/2. In the inset
pictures we plotted the difference between the Dyn- and level-(0) functions.
We observe that while B
(0)
1/2(λ) and B
Dyn
1/2 (λ) have a qualitatively similar λ-dependence,
the exact equality B
(0)
1/2(λ) = B
Dyn
1/2 (λ) holds only at a single value of λ. However, what comes
as a real surprise is that this distinguished λ-value at which the single-metric truncation
performs best is impressively close to the λ-coordinate of NGDyn+ -FP, λ
Dyn
∗ . This ‘miracle’
is not explained by any general principle. Its implication is clear though: The single-metric
approximation to the bi-Einstein-Hilbert truncation is most reliable precisely in that region
of theory space where the non-Gaussian fixed point is located. This discovery may be seen
as an a posteriori justification of the single-metric investigations of the Asymptotic Safety
conjecture.
(ii) Up to now we solved the condition (6.8) by setting to zero the coefficients of g and g2
separately. There is a second type of solutions consisting of pairs (gR(λ), λ) where
gR(λ) ≡ B
(0)
1 (λ; d)−BDyn1 (λ; d)
B
(0)
1 (λ; d)B
Dyn
2 (λ; d)−BDyn1 (λ; d)B(0)2 (λ; d)
(6.9)
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Figure 21. The second condition for the fulfillment of eq. (6.8) is the agreement of BDyn2 (λ; 4)
with B
(0)
2 (λ; 4). Their dependence on λ is given by the dark, respectively light, blue line. The
difference of the functions is shown in the upper left corner. The fixed point value λDyn∗ is
marked with the dashed vertical line. Notice that the agreement of BDyn2 (λ; 4) with B
(0)
2 (λ; 4)
is best in the vicinity of the NGFP. There, the single-metric truncation is a good approximation
to the bi-metric one. Away from the NGFP its quality deteriorates considerably.
In Fig. 22 the function gR(λ), along with the above (g, λR) solution, is superimposed on the
phase portrait of the ‘Dyn’ sector which, as we know, is qualitatively similar to the ‘sm’ one.
The good news we learn from this plot is that the NGFP is situated very close to the
curve (gR(λ), λ). This is a second ‘miracle’, again un-explained by any general argument,
and independent of the first one. So the single-metric approximation seems indeed most
reliable when it comes to locating the NGFP and exploring its properties.
The bad news is that there does not exist a single RG trajectory that would stay on,
or close to the (gR(λ), λ)-line for all scales; the trajectories intersect it at most once or twice.
The consequence is that every ‘sm’ trajectory unavoidably contains segments where it differs
substantially from its bi-metric, i.e. ‘Dyn’ analogue.
Summary: The general picture which emerges is a as follows. In the extreme UV, all RG
trajectories start out from initial points which are infinitesimally close to the non-Gaussian
fixed point which is at the heart of the Asymptotic Safety construction. In this region,
the bi-metric description is well approximated by the single-metric truncation. Once the
trajectories escape from the non-Gaussian fixed point regime and enter an intermediate
region where λ . 0.15, say, split-symmetry is significantly violated, and the single-metric
approximation becomes unreliable. This can be seen in the Figs. 20, 21, and the explicit
RG trajectories given in the diagrams of Section 5.5.
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gDyn
λDyn
Figure 22. The two solutions to the split-symmetry condition (6.8), given by pairs (g, λR)
and (gR(λ), λ), respectively, are shown by the two light, and the dark (red) curve. They are
superimposed on the phase portrait of the ‘Dyn’ sector. In the vicinity of these curves split-
symmetry is approximately intact. The ‘miraculous’ result is that both of them, the almost
linear (dark red) curve, and the (light red) exactly vertical line, pass very close to the NGFP
(gray disc). This justifies the use of the single-metric truncation in the vicinity of the NGFP.
On the other hand, it is also apparent that every RG trajectories stays only briefly within a
neighborhood of (g, λR) or (gR(λ), λ). Away from these regions the single-metric truncation
might become problematic.
6.6 The (un-)reliability of the
critical exponent calculations
What remains to be investigated is the precise relation between the single- and bi-
metric results concerning the non-Gaussian fixed point, in particular its location and critical
exponents. Figs. 20 and 21 already shed some light on this question since ‘miraculously’ the
best agreement of single-metric and bi-metric results was found to be close to λDyn∗ . In this
subsection we concentrate on the implications of this observation and, most importantly,
try to understand why the predictions for the critical exponents differ so much in the two
truncations.
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(A) Consider the single-metric and the bi-metric non-Gaussian fixed point regimes. Exactly
at the NGFP all anomalous dimensions are ηI∗ = −(d − 2). We first turn our attention to
the bi-metric Newton couplings at the fixed point:
gDyn∗ =
(d− 2)
BDyn2 (λ
Dyn
∗ ; d)(d− 2)−BDyn1 (λDyn∗ ; d)
(6.10a)
g(0)∗ =
(d− 2)
B
(0)
2 (λ
Dyn
∗ ; d)(d− 2)− B(0)1 (λDyn∗ ; d)
(6.10b)
It is obvious that the better B
(0)
1/2(λ
Dyn
∗ ; d) ≈ BDyn1/2 (λDyn∗ ; d) is satisfied the closer are g(0)∗ and
gDyn∗ = g
(p)
∗ , p ≥ 1, and the better is the split-symmetry. At the NGDyn+ -FP the deviation is
small but non-zero; we expect g
(0)
∗ to be at best approximately equal to gDyn∗ , which in fact
was found in Section 4. The main reason for the differing fixed point values is the difference
in the B
(0)/Dyn
1 -functions. Both, B
Dyn
1 (λ; d) and B
(0)
1 (λ; d) decrease for increasing λ, and so
does their difference. For λ < λDyn∗ the difference B
Dyn
1 (λ; d)−B(0)1 (λ; d) is positive, and thus
g
(0)
∗ < gDyn∗ .
(B) The relation of g
(0)
∗ and gDyn∗ to their single-metric cousin g
sm
∗ is more involved:
gsm∗ =
(d− 2)
B
(0)
2 (λ
sm∗ ; d)(d− 2)−B(0)1 (λsm∗ ; d)
(6.11)
The difference of gsm∗ and g
(0)
∗ is a consequence of the differing fixed point values of the
cosmological constants, in particular we find λsm∗ < λ
Dyn
∗ . This discrepancy has a balancing
effect such that gDyn∗ ≈ gsm∗ while g(0)∗ < gsm∗ owed to the fact that B(0)1 (λsm∗ ; d) > B(0)1 (λDyn∗ ; d)
for λsm∗ < λ
Dyn
∗ .
(C) Moving away from the NGFPs the first question that arises is whether the respective
linearized flows in their vicinity are similar. The solution for the Newton constants in the
bi-metric truncation reads
gDyn(k) = gDyn∗ + 2c1V
(1)
1
(
k0
k
)θ′
cos
(
ϑc + ϑ
(1) + θ′′ ln(k0/k)
)
(6.12)
g(0)(k) = g(0)∗ + 2c1V
(1)
3
(
k0
k
)θ′
cos
(
ϑc + ϑ
(1) + θ′′ ln(k0/k)
)
+ c3V
(3)
3
(
k0
k
)θ3
(6.13)
Here, cj, ϑc are real constants of integration, V
(j)
r is the r
th component of the jth (real)
eigenvector, and ϑ(j) is its phase. The set of critical exponents consists of the complex pair
θ1/2 = θ
′ ± i θ′′, where θ′ > 0, and the purely real, positive critical exponent θ3. in addition
to the spiral motion into the non-Gaussian fixed point present for the dynamical coupling,
there is an additional k2-term (θ3 = −2) that contributes to the running of g(0)(k).
68
In the single-metric truncation the linearization yields instead
gsm(k) = gsm∗ + 2c
sm
1 V
(1;sm)
1
(
k0
k
)θ′sm
cos
(
ϑsmc + ϑ
(1;sm) + θ′′sm ln(k0/k)
)
(6.14)
We see that qualitatively gsm(k) has the same kind of running as gDyn(k). Again, there is a
pair of complex conjugate critical exponents with a positive real part θ′sm and a non-vanishing
imaginary part θ′′sm that produces spirals. From a quantitative perspective the results differ
considerably, however, and it is instructive to understand why.
(D) Despite the small difference of the respective fixed point coordinates, the critical
exponents disagree substantially in the single- and bi-metric truncation, as we discuss
next. Considering the single-metric and the dynamical bi-metric sector the two critical
exponents are given by
θ1/2 = −1
2
(
B11 + B22
)
∓ 1
2
√
4B12B21 + (B11 − B22)2 (6.15)
where Brs is the r-s entry of the respective stability matrix:
B =
∂gβg ∂λβg
∂gβλ ∂λβλ
 ⇒ BDyn =
−2.32 −27.8
0.72 −4.9
 , Bsm =
−2.34 −10.4
0.96 −0.61
 (6.16)
Comparing BDyn1 to B
B
1 we observe that their first columns agree quite well, but the second
columns are rather different. The main difference between the matrices BDyn and Bsm is the
way they depend on the cosmological constant. Whereas a change in the Newton couplings
has, even quantitatively, a similar impact on BDyn1 and B
sm, a change in the cosmological
constant affects the bi-metric system much more strongly than the ‘sm’ one. Since in both
cases the product 4B12B21 is negative and much larger than (B11 −B22)2, the square root in
(6.15) is purely imaginary, yielding
θ′ = −1
2
(
B11 + B22
)
, θ′′ =
1
2
√
−4B12B21 − (B11 − B22)2 (6.17)
The differences of the single-metric and dynamical bi-metric critical exponents are therefore
approximately
θ′ − θ′sm ≈ −
1
2
(
BDyn22 − Bsm22
)
= 2.2 , (6.18a)
θ′′ − θ′′sm ≈
√
−BDyn12 BDyn21 −
√
−Bsm12 Bsm21 = 1.3 . (6.18b)
So, numerically the error due to the single-metric approximation is indeed considerable,
more than two units (one unit) in the real (imaginary) part.
Taking the explicit structure of the beta-functions into account it thus becomes clear
that it is the slope of the functions B1/2(λ; d) and A1/2(λ; d) at λ = λ∗ that is mainly
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responsible for the differences. It is apparent from Figs. 20 and 21 that these slopes are
indeed quite different for the ‘Dyn’ and the ‘sm’ case, even at the intersection points where
the functions themselves agree. These λ-derivatives are the main reason for the quantitative
differences
Summary: In conclusion we can say that the vicinity of the non-Gaussian fixed point is
sufficiently well described within the single-metric approximation if we are satisfied with
‘semi-quantitative’ results. It correctly captures all qualitative properties of the flow. Our
experience with the present truncation suggests however that it will hardly be possible to
perform precision calculations of critical exponents in a single-metric truncation, not even
with a very general ansatz for Γk.
6.7 Comparison with the TT-based approach of ref. [39]
At this point it is worthwhile to check how our present bi-metric results compare
to those obtained in ref. [39] where a similar truncation ansatz including two Einstein-
Hilbert actions for gµν and g¯µν was used, and the same running couplings were investigated.
Both calculations rely on the conformal projection technique, actually first employed in [39],
however with two main differences:
(i) The gauge choice: While in ref. [39] the ‘anharmonic gauge’, ̟ = 1/d, with gauge pa-
rameter α→ 0 was chosen, the present calculation uses the harmonic gauge fixing condition,
̟ = 1/2, with gauge parameter α = 1 − (d − 6)Ω + O(Ω2). The dependence of the ‘sm’
results on the gauge fixing parameter had already been investigated in ref. [15–17], and the
changes between α = 0 and α = 1 were found to be of the order of a few percent only, so we
expect the choice of α to be of minor importance.
(ii) Uncontracted derivatives: In the present calculation the uncontracted derivative terms
cancel due to the gauge choice. Therefore the heat kernel expansion becomes straightforward.
Instead, in ref. [39], one had to deal with contracted as well as uncontracted derivative terms,
and it was necessary to apply a TT-decomposition to project the traces in the FRGE onto
the truncated theory space. This led to a set of new field variables (irreducible component
fields) and made the heat kernel expansion by far more involved and lengthy.
Recall that a truncation of theory space is not specified by the ansatz for the EAA
alone, but in addition by a prescription for the projection on the field monomials. Variation
of either ingredient may alter the results. The difference of our present calculation to [39]
can be understood as stemming from the Γk-ansatz only, namely in the gauge fixing part
of the EAA. Furthermore, the cutoff action ∆Sk is slightly different in the two cases, since
in [39] it is formulated in terms of the irreducible (TT) components of h¯µν , while in our new
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Bi-metric [39] Bi-metric (present) Single-metric [11]
NGB
−
⊕NGDyn+ -FP
(gDyn∗ =1.05, λ
Dyn
∗ =0.22)
(gB∗ =−41.6, λB∗=0.58)
NGB+⊕NG
Dyn
+ -FP
(gDyn∗ =0.70, λ
Dyn
∗ =0.21)
(gB∗ =8.2, λ
B
∗=−0.01)
NG-FP
(gsm∗ =0.71, λ
sm
∗ =0.19)
NG
(0)
+ ⊕NG
Dyn
+ -FP
(gDyn∗ =1.05, λ
Dyn
∗ =0.22)
(g
(0)
∗ =1.08, λ
(0)
∗ =0.21)
NG
(0)
+ ⊕NG
Dyn
+ -FP
(gDyn∗ =0.70, λ
Dyn
∗ =0.21)
(g
(0)
∗ =0.65, λ
(0)
∗ =0.19)
NG-FP
(gsm∗ =0.71, λ
sm
∗ =0.19)
θ± = 4.5± 4.2i θ± = 3.6± 4.3i θ± = 1.5± 3.0i
sUV = 2Dyn + 2(0) = 4 sUV = 2Dyn + 2(0) = 4 sUV = 2
Table 4. The properties of the doubly non-Gaussian fixed points are listed for the bi-metric
calculation in [39], for the present one, and for the single-metric approximation [11]. The
dynamical fixed point properties obtained by the two bi-metric approaches are seen to be
qualitatively equivalent, and also well approximated by the single-metric truncation. In the
background sector, the results for gB∗ and λ
B differ by sign, but only their combination with
the ‘Dyn’ parameters yielding the level-(0) couplings is numerically meaningful, and those are
indeed qualitatively similar. In addition the critical exponents for the dynamical sector are
given. They are complex, with a positive real part.
approach simply in terms of the undecomposed h¯µν . The comparison can help distinguishing
between artifacts of the specific truncation and robust, truncation-independent, results.
In what follows we focus on the properties of the doubly non-Gaussian fixed point in
d = 4, and compare the results of the TT-based bi-metric calculation in [39] with our present
one, as well as with the single-metric approximation.
6.7.1 Existence and location of non-Gaussian fixed points
In ref. [39] the same number of fixed points, in the same six categories as in our present
approach has been found, namely three different Dyn fixed points, and for each of them
two B fixed points. The most important one for Asymptotic Safety is NGDyn+ -FP, having
gDyn∗ > 0. In Tab. 4 we summarize its properties. Notice that the new and the old bi-metric
results in the Dyn sector and their single-metric counterparts share the same qualitative as
well as semi-quantitative features, the B-sector differs in that the two approaches lead to
λB∗ and g
B
∗ values, with the opposite signs even. However, the B-couplings describe only
differences between level-(0) and the Dyn or p ≥ 1 couplings and thus their precise values
and signs are not meaningful as such; they are an indication for the degree of split-symmetry,
however. (The negative gB∗ found in [39] only tells us that in this case g
(0)
∗ > gDyn∗ .)
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6.7.2 Impact of α and ̟ on the NGFPs
The impact of changing the functional form of the gauge fixing condition, concretely
the parameter ̟, and the parameter α in its prefactor can be observed in the fixed point
coordinates. The single-metric, and the present bi-metric truncation employ the same har-
monic gauge fixing and α = 1 choices; in Table 4 we see that their fixed point values almost
coincide. The TT-based bi-metric calculation [39] which uses the ‘anharmonic’ choice for ̟
together with α = 0 leads to a somewhat different fixed point value gDyn∗ > 1, with about
the same λDyn∗ . This is a small, but visible effect due to the different gauge choices.
For the design of future, more advanced truncations it is also instructive to monitor how
the gauge choice influences the ghost sector and the beta-functions. In Fig. 23 we therefore
plot the ρgh-dependence of the fixed point coordinates obtained with the old approach [39].
For comparison our findings from Fig. 1 are indicated as light gray lines. The diagrams show
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Figure 23. The dependence of gDyn∗ and λ
Dyn
∗ on ρgh for the three fixed points, GDyn-FP,
NGDyn− -FP, and NG
Dyn
+ -FP according to the approach of [39] (dark lines). The gray lines
indicate the corresponding results of the present calculation. The qualitative agreement of these
results for all fixed points is obvious. Except for very small values of ρgh, even quantitatively
the results are seen to be almost equal, indicating that the impact of ̟ on the ghost sector is
relatively small, and is probably negligible compared to the other sources of uncertainty.
basically overlapping curves for most coordinates. If ρgh . 2 the positive gDyn∗ values, though
qualitatively displaying the same increasing behavior for decreasing ρgh, differ quantitatively,
but by much less than one order of magnitude. The standard choice ρgh = 1 is within this
regime and thus reflects the small, but visible difference in the fixed point values of Tab. 4.
At large ρgh, the influence of ̟ in the ghost sector becomes completely negligible, at least
in the non-Gaussian fixed point regime.
We can get an indication for the quality of the split-symmetry in the vicinity of the
NGFP by the size of its gB∗ value, or more appropriately, by its inverse. The smaller 1/g
B
∗ ,
the better is the coincidence of g
(0)
∗ and gDyn∗ . In Fig. 24 the dependence of 1/g
B
∗ on ρgh is
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Figure 24. The dependence of 1/gB∗ on ρgh is shown for the three ‘B’ non-Gaussian fixed
points. The smaller 1/gB∗ , the better split-symmetry is realized at the respective non-Gaussian
fixed point. We see that the curves for the physically most relevant one, based upon NGDyn+ -
FP, displays a zero which in both calculations is located very close to ρgh = 1.
shown for both bi-metric calculations, that is [39] and the present one. As already pointed
out, they yield different signs for gB∗ , but this is irrelevant.
The good news we learn from Fig. 24 is that 1/gB∗ possesses a zero, and that this zero
occurs in both calculations very close to ρgh = 1, that is, to the actually implemented value
of the ghost normalization! There, the magnitude of gB∗ diverges, and this in turn forces g
(0)
∗
and gDyn∗ = g
(p)
∗ , p ≥ 1 to be equal. The privileged status of a choice near ρP = 1 seems to be
at least one of the reasons for the ‘miraculously’ good agreement of the single- and bi-metric
truncation in the vicinity of the NGFP.
6.7.3 Critical exponents and UV-critical hypersurface
Turning next to the linearized flow near the (doubly) non-Gaussian fixed point, Tab. 4
shows that the critical exponents for the two bi-metric calculations are more similar among
themselves than in comparison to the single-metric results. In fact, for the spiral motion
they predict almost the same frequency.
Still there is a difference between the bi-metric truncations, the origin of which can
again be traced back to the λDyn-dependence of the beta-functions. The stability matrix
implied by the differential equations in [39] reads:
B =
−2.37 −46.0
0.49 −6.6
 (TT-approach) (6.19)
While the first column, corresponding to the derivatives with respect to gDyn, shows only
relatively small deviations from BDyn1 in eq. (6.16), the source of the quantitative change in
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the critical exponents again originates in the λDyn-derivatives in the second column, which in
turn are governed by the λDyn-dependence of BDyn1 (λ
Dyn) in the vicinity of the non-Gaussian
fixed point.
The agreement of the dimensionality of the critical hypersurface as predicted by both
bi-metric calculations is an additional point in support of the following general picture: The
results of the present, new bi-metric approach and the earlier TT-based one in [39] are in
close analogy, at least in the vicinity of the non-Gaussian fixed point. Deviations in the UV
are of a minor numerical kind, but most importantly all qualitative results for physically
essential quantities agree among the two approaches.
7 An application: the running spectral dimension
It has been observed very early on that the effective spacetimes described by the EAA,
in particular those along asymptotically safe RG trajectories display self-similar properties
reminiscent of fractals, with a k-dependent effective dimensionality deff ≡ 4 + ηN which
interpolates between deff = 4 macroscopically and deff = 2 microscopically [15, 16]. This
observation gave rise to the development of a general scale dependent analog of Rieman-
nian geometry for those spacetimes [34, 35], and the discovery of a dynamically generated
minimum length, a notion that turned out surprisingly subtle [34].
Computing the spectral dimension Ds of those spacetimes [62] revealed the same
crossover from 4 dimensions in the IR to 2 in the UV which was observed on the basis
of deff. It is an exact, truncation independent prediction of asymptotically safe gravity, with
or without matter.
More recently [63] the scale dependence of Ds was reconsidered under the more re-
strictive assumptions of (i) pure gravity, (ii) the validity of the (single-metric) Einstein-
Hilbert truncation, and (iii) the choice of an RG trajectory which admits a long classical
regime [33,61]. Under these conditions, the EAA predicts in addition an extended semiclassi-
cal regime at intermediate scales in which the spectral dimension assumes the rational value
Ds = 4/3. It has been argued [63] and substantiated by a detailed comparison with Monte
Carlo data that the dimensional reduction observed in numerical CDT simulations [64, 65]
actually originates in this semiclassical regime rather than the asymptotic scaling region of
a fixed point. (See [40, 63, 66] for further details, and [48, 67] for extensions.)
The scale dependent spectral dimension Ds(k) ≡ Ds(gk, λk) derived in [63], under the
above conditions, reads (for d = 4)
Ds(g, λ) = 8
4 + λ−1βλ(g, λ)
(7.1)
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where λ was the dimensionless cosmological constant of the single-metric truncation, λsm ≡
Λsm/k2. From the EAA-based derivation of eq. (7.1) it is obvious [62] that λk enters this
formula via the (contracted) Einstein-equation R(〈g〉k) = 4Λsmk = 4k2λsmk which describes
how the effective metric responds to the scale dependence of the cosmological constant.
When we now go over from the single- to the bi-metric Einstein-Hilbert truncation we
interpret 〈g〉k as a self-consistent background metric. It is given by the tadpole equation18(
δΓk/δh¯
)∣∣∣
h¯=0
= 0 which, for the present truncation, has again the same structure as the
classical vacuum Einstein equation, but now containing the running level-(1) cosmological
constant: G¯µν = −Λ(1)k g¯µν . Going through its derivation [63] it is therefore easy to see that
the above formula for the spectral dimension remains correct for the bi-metric truncation of
the present paper provided we set λ ≡ λ(1) in eq. (7.1), and interpret βλ as the beta-function
of λ(1), depending on the level-(1) couplings:19
Ds(g(1), λ(1)) = 8
4 + (λ(1))−1β(1)λ (g(1), λ(1))
(7.2)
Note that Ds is a scalar function on the g(1)-λ(1) theory space: it depends only on the value
of the couplings, but not the scale at which the RG trajectory passes there. It is well-defined
if the denominator on the RHS of (7.2) is always positive. This is indeed the case for the
separatrix and all type (IIIa)Dyn trajectories, but not for those of type (Ia)Dyn. They pass
through a point where the assumptions behind (7.1) and (7.2) do not apply [11] and Ds
diverges.
It is instructive to insert solutions of the RG equations, k 7→ (g(1)k , λ(1)k ) = (gDynk , λDynk ),
into eq. (7.2) and determine the resulting scale-dependence of Ds. For each class of tra-
jectories we take one representative and depict the result in the following. While Ds is
actually independent of the B-couplings, it is most natural to think of these trajectories as
4-dimensional ones whose B-sector is chosen in the split symmetry-restoring way.
Type (Ia)Dyn trajectories. For this class of trajectories the cosmological constant turns
negative in the IR. This entails a divergence of Ds at a certain scale where the denominator
of eq. (7.1) vanishes. In the vicinity of this scale, the function Ds admits no physical
interpretation as a ‘k-dependent spectral dimension’, since this would require a very slow
(‘adiabatic’) dependence on k. Apart from that, we find in the corresponding Fig. 25
qualitatively precisely the same k-dependence of Ds, which had been obtained within the
single-metric approximation [48, 63]: In the IR the running spectral dimension approaches
Ds = 4, there exists a semiclassical plateau at Ds = 4/3, here relatively short because it
18See Section 4 of ref. [38] for a detailed discussion.
19In a truncation that distinguishes between g(p) for p ≥ 1 the spectral dimension inherits an implicit
dependence on higher level couplings since those appear in β
(1)
λ .
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Figure 25. The spectral dimension along a typical (Ia)Dyn trajectory. The interpretation as a
spectral dimension is lost near the singularity where the cosmological constant turns negative.
Besides a short semiclassical plateau at Ds = 4/3, disturbed by the divergence, the IR and the
UV limits at 4 and 2, respectively, are well visible.
is disturbed by the divergence, and in the UV the running Ds converges to its fixed point
value, 2.
Type (IIa)Dyn trajectory. The separatrix in the Dyn-sector gives rise to the scale-
dependent Ds shown in Fig. 26. The semiclassical plateau at Ds = 4/3 is quite pronounced
in this case, and it seems to terminate in a sudden jump to Ds = 4 for k → 0. Actually
this jump is a computational artifact since in a numerical calculation one is never able to
find the separatrix exactly; rather, almost always the computer will generate a type (Ia) or
(IIIa) trajectory. Hence it is ultimately pushed away from the GFP along the λ-direction,
at some very low scale k/mPl ≪ 1, and this is exactly what caused the apparent jump to
Ds = 4 in Fig. 26. In reality, for the perfect separatrix solution (and in absence of matter!)
the semiclassical regime with Ds = 4/3 extends down to k = 0; there exists no genuinely
classical regime with Ds = 4 [63]. Towards the UV, we find a smooth cross over of the
semiclassical plateau to Ds = 2, as expected in the NGFP regime.
Type (IIIa)Dyn trajectories. For this type of trajectories, Fig. 27 shows the running
spectral dimension along a typical example. All three plateaus are well visible here, with
Ds = 2 in the UV, Ds = 4 in the IR, and an intermediate plateau, well below the Planck
scale, with the semiclassical value Ds = 4/3. This, again, is in accord with the results
obtained in [63] by means of a single-metric truncation.
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Figure 26. Spectral dimension along the (IIa)Dyn trajectory, the separatrix in the dynamical
sector. The jump at k = 0 is a computational artifact; in reality the semiclassical regime with
Ds = 4/3 extends down to k = 0.
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Figure 27. The spectral dimension along a type (IIIa)Dyn trajectory. All three plateaus are
well developed: we find Ds = 2 in the UV, Ds = 4 in the IR, and in between a semiclassical
regime with Ds = 4/3. The insert shows the classical regime at k ≪ mDynPl .
Summarizing this subsection we can say that as far as the running spectral dimension
is concerned, the single-metric Einstein-Hilbert truncation is a fully reliable approximation
to its bi-metric generalization. By its very definition, a k-dependent spectral dimension
makes sense only if Ds(k) changes with k at most ‘adiabatically’ [63]. Basically Ds can
be interpreted meaningfully only when it develops a plateau. Yet, for all three types of
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trajectories, the single- and bi-metric truncations agree on the respective plateau structures,
and on the values which Ds assumes there.
8 A brief look at d = 2+ ε and d = 3
Gravity in, or near two dimensions has always been an important theoretical laboratory
for quantum gravity. In particular, the Asymptotic Safety scenario was first proposed in the
2 + ε dimensional Einstein-Hilbert theory. In this section we re-analyze this theory in the
bi-metric setting. Because of its universality properties, absent in higher dimensions, our
findings about the relation between the single- and bi-metric treatment are particularly
clearcut, and in fact quite striking.
Also three dimensions are of special interest since in d = 3 the metric and ghost
fluctuations compensate exactly on shell. For the EAA which is a typical off shell object
this implies by no means that there is no RG flow in d = 3 (as is often believed wrongly).
Rather, while certain characteristic terms indeed disappear from the beta-functions, there is
still a non-trivial RG running which needs to be taken seriously, for instance, when one uses
the EAA to construct the continuum limit of a regularized functional integral for gravity.
In d = 3 we have the advantage that this characteristic ‘off-shell running’ can be studied in
isolation.
In the following two subsections we discuss d = 2 + ε and d = 3 in turn; a complete
list of the pertinent beta-functions can be found in the Appendix.
8.1 Near dimension two
The case of d = 2 + ε dimensions is special in that all Newton constants become
dimensionless for ε → 0. In the lowest nontrivial order in ε, and for vanishing (dynamical)
cosmological constant, all anomalous dimensions have the structure
ηI = −bI gI +O(ε) , I ∈ {Dyn, B, (p)} (8.1)
with certain constants bI . For ε ց 0, the leading term in ηI is of order ε0. Within our
approximation of retaining in all formulae only the lowest nontrivial order the condition for
a non-Gaussian fixed point (ε+ ηI = 0) has a solution which is linear in ε, namely gI∗ = ε/
bI . Note also that in the approximation (8.1) the general relationship (2.41) connecting the
level- to the Dyn-B-language boils down to the simple statement
b(0) = bB + bDyn and b(p) = bDyn for p ≥ 1. (8.2)
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In the single-metric Einstein-Hilbert truncation [11], too, the anomalous dimension is
well known to have the structure (8.1). In its dia- vs. para-magnetic decomposed form, the
pertinent coefficient bI ≡ bsm was found to be [50]
bsm =
2
3
[
(−3)dia + (4)gh-dia + (6)para + (12)gh-para
]
=
2
3
× [+19] = 38
3
(8.3)
All four contributions to bsm are separately universal, i.e. independent of the cutoff shape
function R(0).
Guided by our experience from 4 dimensions we might expect that the result of the
single-metric calculation approximately agrees at some level of accuracy with that in the Dyn
sector of the bi-metric computation. In particular bsm of (8.3) should not be very different
from bDyn, the crucial coefficient in the anomalous dimension ηDyn of the dynamical Newton
constant GDynk . What we actually find reads as follows:
bDyn =
2
3
[
− 2
(
3 + 2ρgh + 15ρP
)
Φ21 (0) + 12
(
7− 2ρgh
)
ρP Φ
3
2 (0)
]
=
2
3
[
− 6− 4ρgh + 12ρP − 12ρghρP
]
(8.4)
The dia-magnetic contributions are obtained from this expression by setting ρP = 0, and
the graviton part by letting ρgh = 0; furthermore, the paramagnetic contributions are those
proportional to ρP, and the ghost part is proportional to ρgh. Hence, when written in the
style of the single-metric result, eq. (8.4) reads
bDyn =
2
3
[
(−6)dia + (−4)gh-dia + (12)para + (−12)gh-para
]
=
2
3
× [−10] = −20
3
(8.5)
Obviously bsm and bDyn are quite different, not even their signs are in agreement so that
screening and anti-screening behavior get interchanged. While the single-metric calculation
predicts bsm > 0, hence a NGFP at gsm∗ > 0 (for ε > 0), the bi-metric analogue has b
Dyn < 0
with a corresponding fixed point at a negative Newton constant, something one normally
considers unphysical. This clash is particularly striking since, like in bsm, all 4 separate
contributions appearing in the dia/para, metric/ghost decomposition of bDyn are separately
scheme independent, but none of them agrees with its single-metric analogue. Indeed, in
the second line of (8.4) we exploited that all threshold functions of the type Φn+1n (0), for
vanishing argument, assume the universal, i.e. R(0)-independent values Φn+1n (0) = 1/Γ(n+1),
n ≥ 0. In this sense, both the single- and the bi-metric results can be considered particularly
robust and ‘clean’.
Turning to the anomalous dimension of the B-sector we find likewise
bB =
2
3
[
(4ρgh − 3)Φ10 (0) + 2
(
3 + 2ρgh + 6(3 + ρgh)ρP
)
Φ21 (0)− 12
(
7− 2ρgh)ρPΦ32 (0)
]
=
2
3
[
3 + 8ρgh − 6ρP + 24ρghρP
]
. (8.6)
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This expression, again, contains only universal values of the threshold functions. Casting
(8.6) in a more instructive way, we obtain
bB =
2
3
[
(3)dia + (8)gh-dia + (−6)para + (24)gh-para
]
≡ 2
3
× [+29] = 58
3
(8.7)
Notice that in total bB is positive while bDyn was negative.
What makes these findings particularly alarming, or at least puzzling at first sight is
that they show a considerable degree of internal consistency. To see this, let us add up the
b-coefficients of the background and the dynamical sector, thereby maintaining the dia/para,
metric/ghost decomposition:
bB + bDyn =
2
3
[
(3− 6)dia + (8− 4)gh-dia + (−6 + 12)para + (24− 12)gh-para
]
= bsm (8.8)
Remarkably enough, not only does the sum bB+bDyn exactly agree with the old single-metric
result, even all 4 terms of the decomposition separately do so. The ‘miracle’ behind (8.8)
finds its explanation when we evaluate the level-(0) anomalous dimension, the corresponding
coefficient b(0) being
b(0) =
2
3
[
(4ρgh − 3)Φ10 (0) + 6
(
1 + 2ρgh
)
ρPΦ
2
1 (0)
]
=
2
3
[
− 3 + 4ρgh + 6ρP + 12ρghρP
]
(8.9)
This result coincides, not only as a sum but even term by term, exactly with the single-metric
result (8.3):
b(0) =
2
3
[
(−3)dia + (4)gh-dia + (6)para + (12)gh-para
]
= bsm (8.10)
From our discussion in Section 6 of the relation between single- and bi-metric beta-functions
the equality b(0) = bsm was indeed to be expected; there we demonstrated that quite generally
the single-metric RG equations are closely related to the level-(0) ones in the bi-metric
computation. It is reassuring to see this rule at work here, despite potential subtleties
related to the limit ε→ 0.
On the other hand, from (8.2) we know that at the level of the b-coefficients the
translation rule from the Dyn-B to the level description is simply b(0) = bB+bDyn. Combining
this with b(0) = bsm from (8.10) we obtain bB + bDyn = bsm, and this is precisely what we
found (8.8)!
At this point several important remarks are in order:
(A) The main message conveyed by the above universal numbers is that the leading order
in ε is suffering from a significant violation of split-symmetry, as is testified by the values
b(0) = bsm = +38
3
at level zero, and b(1,2,3,··· ) = bDyn = −20
3
at the higher levels. Equivalent to
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that, there is a corresponding disagreement between the single- and bi-metric results, even
at the level of signs.
(B) In order to judge to what extent these somewhat disconcerting findings might carry
over to higher dimensions, d = 4 in particular, the (perhaps) worried reader should recall
the following facts.
(i) In general dimensions, ηDyn(gDyn, λDyn) is given by eq. (A.2), and it involves two func-
tions of the dynamical cosmological constant, BDyn1 and B
Dyn
2 . Expanding this anomalous
dimension in gDyn, and retaining the leading, i.e. linear term only, it reads
ηDyn(gDyn, λDyn; d) = BDyn1 (λ
Dyn; d) gDyn +O(gDyn2) (8.11)
Upon an additional expansion of BDyn1 for small λ
Dyn the approximation for ηDyn boils down
to
ηDyn(gDyn, λDyn; d) = −(d− 2)ωDynd gDyn +O(gDyn 2) +O(λDyn) (8.12)
It is characterized by a single coefficient only, ωDynd ≡ −BDyn1 (0; d)/(d− 2).
(ii) If we set d ≡ 2 + ε and then expand ηDyn of eq. (A.2) in powers of ε we obtain
ηDyn = −bDyn gDyn +O(ε) for the lowest non-trivial order in ε, with bDyn = limε→0
(
ε ωDyn2+ε
)
a well defined, and non-zero number. Notice that this simple equation for ηDyn has the same
structure as the doubly expanded (in gDyn and λDyn) general result (8.12) valid for all d.
Here, however, it results from nothing more than the ε → 0 limit alone [11]; no separate
assumption about the smallness of the couplings and, based on that, expansions with respect
to gDyn, λDyn are invoked. Stated differently, if we retain only at the lowest order in ε, it
is unavoidable that ηDyn becomes linear in gDyn and, more importantly, that the coefficient
function BDyn1 (λ
Dyn) automatically always gets evaluated at the point λDyn = 0 only. So,
the essential conclusion for the present discussion is that in the limit ε→ 0, to leading order
in ε, the RG flow completely ‘forgets’ about how a non-zero value of λDyn affects the RG
running of gDyn.
(iii) In accord with this last remark, even the NGFP at gDyn∗ = ε/b
Dyn is fully determined
by bDyn, i.e. by BDyn1 (λ
Dyn = 0). For ε ց 0, the very same coefficient which for general d
controls the semiclassical regime near the GFP only also decides about whether or not there
exists the desired NGFP on the gDyn > 0 half-space. We saw that this led to a clash between
the single- and bi-metric calculation, since bsm > 0, but bDyn < 0. However, in Subsection 4.3
we also saw already that in d = 4 the situation is different in a crucial way. There BDyn1 (λ
Dyn)
changes its sign between λDyn = 0 and λDyn = λDyn∗ ; as a result, the semiclassical regime on
the gDyn > 0 half-space exhibits gravitational screening (ηDyn > 0), as in d = 2 + ε, while
for larger values of λDyn the sign of ηDyn turns negative, ultimately approaches ηDyn∗ = −2,
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and a NGFP forms at a positive value of Newton’s constant, exactly where we would like it
to be.
(C) Summarizing the above remarks, we can say that the most problematic property of the
(2 + ε)-dimensional theory, the dynamical Newton constant having a negative fixed point
value20, is an artifact of the ε-expansion. In d = 4, instead, screening at small λDyn can
coexist with anti-screening and a NGFP at larger values of the cosmological constant thanks
to the λDyn-dependence of ηDyn, a property the leading order of the ε-expansion is completely
insensitive to.
8.2 Three dimensions
Next, let us turn our attention to spacetimes of dimension d = 3. The full set of results
is given in Appendix A.5. First we focus on the anomalous dimensions in the semiclassical
regime which, for all d, read ηI = −(d− 2)ωId gI +O(gI 2, λDyn). In d = 2+ ε the coefficients
ωId were universal, in d = 3 they explicitly depend on the cutoff R
(0) instead. To make our
main point as clear as possible, it is instructive to write down the dia/para and metric/
ghost decomposed form of the coefficients appearing in ηI = −ωI3 gI + O(gI 2, λDyn) for
I = {Dyn, B, (0)}. In the Dyn and B sector we find, respectively:
ωDyn3 = −
1√
π
[(
3 + 2ρgh + 2ρP(9− 4ρgh)
)
Φ23/2 (0)− 6ρP
(
9− 4ρgh
)
Φ35/2 (0)
]
(8.13)
ωB3 =
1√
π
[
2(ρgh − 1)Φ11/2 (0) +
(
3 + 2ρgh + 4ρP(6− ρgh)
)
Φ23/2 (0)− 6 ρP
(
9− 4ρgh
)
Φ35/2 (0)
]
Notice that ωDyn3 and ω
B
3 are perfectly generic, in the sense that they receive contributions
of both paramagnetic and diamagnetic origin, from both ghost and metric fluctuations.
The expected ‘magic’ happens only in the case of the level-(0) coefficient: From the
general identity (2.42) we infer ω
(0)
3 = ω
Dyn
3 + ω
B
3 in the present approximation, yielding
ω
(0)
3 =
2√
π
[
(ρgh − 1)Φ11/2 (0) + ρP(3 + 2ρgh)Φ23/2 (0)
]
(8.14)
Upon ‘switching on’ the ghosts by setting ρgh = 1, the entire coefficient ω
(0)
3 is seen to
be proportional to ρP. Hence the level-(0) anomalous dimension η
(0) ∝ ω(0)3 is of purely
paramagnetic origin.
The non-zero diamagnetic contributions from ωDyn3 and ω
B
3 have canceled precisely.
At the level of the bi-metric EAA, for generic arguments (‘off shell’ in particular), this
cancellation is the only immediate reflection of the fact that classical Einstein-Hilbert gravity
20We assume ε > 0 here, as always.
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has no propagating modes in d = 3. There is no comparable compensation of metric and
ghost modes at higher orders.
The observed perfect cancellation of all diamagnetic terms in ω
(0)
3 is fully consistent
with earlier results on the single-metric case [50] where the same cancellation was found to
occur in the analogous coefficient ωsm3 . Indeed, it can be verified again that ω
(0)
3 = ω
sm
3 , as it
should be for general reasons.
Finally, let us leave the semiclassical regime and consider the possibility of non-Gaussian
fixed points in 3 dimensions. Using the full fledged beta-functions of Appendix A.5 we do
indeed find such fixed points. The results can be summarized as follows:
d=3
NG
Dyn
+ -FP
(gDyn∗ =0.13, λ
Dyn
∗ =0.2)
NG
Dyn
−
-FP
(gDyn∗ =−0.38, λDyn∗ =−0.25)
GDyn-FP
(gDyn∗ =0, λ
Dyn
∗ =0)
NGB+-FP
NGB+⊕NG
Dyn
+ -FP
(gB∗ =1.3, λ
B
∗=−0.97)
NGB+⊕NG
Dyn
−
-FP
(gB∗ =0.17, λ
B
∗=−0.14)
NGB+⊕GDyn-FP
(gB∗ =0.18, λ
B
∗=−0.15)
GB-FP G
B⊕NGDyn+ -FP
(gB∗ =0, λ
B
∗=0)
GB⊕NGDyn
−
-FP
(gB∗ =0, λ
B
∗=0)
GB⊕GDyn-FP
(gB∗ =0, λ
B
∗=0)
(8.15)
We find, as in d = 4, a total of six fixed points, five of which are non-Gaussian. Remarkably
enough, the qualitative picture is exactly the same as in the four dimensional case, displaying
a non-Gaussian fixed point both in the upper and lower half-plane of gDyn, as well as a
Gaussian one at gDyn∗ = 0. Instead, the background coordinate value g
B
∗ (λ
B
∗ ) is found to be
positive (negative). Furthermore, a relatively large hierarchy gDyn∗ ≈ 10 gB∗ for the doubly
non-Gaussian NGB+⊕NGDyn+ -FP, indicating approximate split-symmetry, is found also in
d = 3.
9 Summary and conclusion
In this section we start with a summary of our work by means of a brief and concise
list displaying the main results. We then close with a number of general conclusions and the
essential lessons for future investigations, which we learned here.
9.1 Summary of the main results
(A) On the technical side, we employed and tested a new method for dealing with operator
traces involving uncontracted covariant derivatives which is much simpler than those used
before. We found that, within the expected truncation uncertainty and cutoff dependence,
the resulting RG flow matches the results obtained with the conventional method based on
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a York decomposition, even though, mathematically, the pertinent beta-functions are quite
different. We hope that similar methods will be helpful also in future bi-metric calculations.
(B) On the 4-dimensional theory space T ≡
{(
gDyn, λDyn, gB, λB
)}
the RG flow was found
to decompose hierarchically according to
(
gDyn, λDyn
)
→ gB → λB. This allows us to
compute the flow on the dynamical subspace TDyn ≡
{(
gDyn, λDyn
)}
without reference to
the background couplings.
(C) The main characteristics of the 2-dimensional flow on TDyn are as follows:
(c.1) There exist two non-Gaussian and one Gaussian fixed point on TDyn, namely
NGDyn− -FP, NG
Dyn
+ -FP, and G
Dyn-FP. They are located at a negative, positive, and
vanishing coordinate gDyn∗ , respectively.
(c.2) Reliability analyses reveal that NGDyn+ -FP is very robust, while NG
Dyn
− -FP is
likely to be a truncation artifact.
(c.3) The critical exponents of NGDyn+ -FP are given by a complex conjugate pair,
with a non-zero imaginary part leading to spiral-shaped trajectories. The fixed point is UV
attractive in both directions.
(c.4) There are no RG trajectories crossing the gDyn = 0 line, in particular there exists
no cross-over trajectory connecting NGDyn− -FP to NG
Dyn
+ -FP. We may therefore restrict
TDyn to the half-plane with gDyn > 0 which is invariant under the flow.
(c.5) The phase portrait on TDyn is very similar to the one obtained with the single-
metric truncation. In particular the properties of NGDyn+ -FP are numerically similar to
those of the single-metric fixed point, and the RG trajectories admit exactly the same (‘type
Ia, IIa, IIIa’) classification that has been introduced for the single-metric case.
(c.6) In contrast to all single-metric based predictions, gravitational anti-screening is
lost near the Gaussian fixed point GDyn-FP.
(D) Each RG trajectory on TDyn, together with initial conditions for gB and λB, gives rise to
a 4-dimensional trajectory, and we analyzed the corresponding flow on the complete theory
space T .
(d.1) On T , there exists a total of 6 fixed points, each one of the three Dyn-fixed
points above can be combined with both a Gaussian and a non-Gaussian fixed point of the
background couplings.
(d.2) The doubly non-Gaussian fixed point on T , NGB+⊕NGDyn+ -FP, is the natural
candidate for the construction of an asymptotically safe infinite cutoff limit. It possesses
4 relevant directions, so the UV critical hypersurface associated to it, SUV, has maximum
dimension within the present truncation.
(E) In order to define a quantum field theory, we need an RG trajectory which, at ‘k =∞’,
starts out infinitesimally close to the fixed point, always runs on SUV, and thereby gradually
becomes split-symmetric, at the very least in the physical limit when k approaches zero.
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This is the crucial requirement of Background Independence. Within the bi-Einstein-Hilbert
truncation it requires Γgravk to loose its ‘extra g¯-dependence’, that is, 1/G
B
k and Λ
B
k /G
B
k must
vanish in the IR limit of low scales k approaching zero.
(e.1) For the first time, it was possible to demonstrate explicitly there do indeed
exist trajectories which meet both of the two key requirements, Asymptotic Safety and
Background Independence, simultaneously. Those trajectories are labelled by only two free
parameters. Thus the theory’s predictivity is actually higher than expected on the basis of
a 4-dimensional SUV.
(e.2) The RG trajectories which restore split-symmetry in the IR (at k = kIR) were
found to be precisely those which merge with the ‘running UV attractor’ at low scales,
(Attr)B(k).
(F) The relevance of the running UV attractor (Attr)B(k) to the problem of split-symmetry
restoration was uncovered by the following sequence of results and observations.
(f.1) For every fixed trajectory UDyn on TDyn, i.e. k 7→
(
gDynk , λ
Dyn
k
)
≡ UDyn(k) the
background couplings gBk and λ
B
k are governed by a non-autonomous, i.e. explicitly RG-time
dependent system of differential equations on the 2-dimensional subspace TB ≡
{(
gB, λB
)}
.
It can be visualized as a time dependent vector field βB(k) on TB, which also depends on
the Dyn-trajectory chosen.
(f.2) For every trajectory UDyn, and at every fixed RG time k, the vector field βB(k) has
an (instantaneous) zero at
(
gB• (k), λ
B
• (k)
)
∈ TB. The (likewise instantaneous) stability anal-
ysis reveals that it is UV attractive in both B-directions, hence the curve k 7→ (Attr)B(k) ≡(
gDynk , λ
Dyn
k , g
B
• (k), λ
B
• (k)
)
acts as a ‘running UV attractor’. It is not an RG trajectory by
itself.
(f.3) The UV limit of the running attractor is precisely the doubly non-Gaussian fixed
point: limk→∞ (Attr)B(k) = NGB+⊕NGDyn+ -FP.
(f.4) Picking a Dyn-trajectory UDyn we are equipped with a k-dependent vector field
βB on TB. Integral curves of βB(k′) at any fixed moment of ‘time’, k′, are not projections onto
TB of an RG trajectory on the full theory space in general; they correspond to ‘snapshots’
of the phase portrait on TB at this very moment.
(f.5) For every ‘initial’ point
(
gBin, λ
B
in
)
specified on TB at the time kin there exists
a unique solution of the RG equations through this point, k 7→ UB(k), with UB(kin) =(
gBin, λ
B
in
)
. It is obtained by integrating the (now explicitly k dependent) equation ∂tU
B(k) =
βB(U
B(k); k) both upward and downward. Making all input data explicit, we denote this
solution as UB{UDyn; kin; gBin, λBin}(k). It gives rise to an RG trajectory on the full theory
space: U(k) =
(
UDyn(k), UB(k)
)
.
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(f.6)We find that in the limit k ≫ kin of a long upward evolution, UB{UDyn; kin; gBin, λBin}
looses its memory of the initial point
(
gBin, λ
B
in
)
, and a universal limit curve is obtained:
limk≫kin U
B{UDyn; kin; gBin, λBin}(k) = UB• (k).
(f.7) Every Dyn trajectory UDyn implies a specific limit curve UB• (k), and together they
define an RG trajectory on the full theory space: k 7→ U•(k) =
(
UDyn(k), UB• (k)
)
). This
trajectory is precisely the one which, in the IR, ends on the running attractor (Attr)B(k).21
It is determined by the ‘final condition’
(
gBkIR, λ
B
kIR
)
=
(
gB• (kIR), λ
B
• (kIR)
)
with kIR → 0.
In short, U•(kIR) = (Attr)B(kIR), while in the opposite limit U•(k) approaches the doubly
non-Gaussian fixed point: U•(k →∞) = NGB+⊕NGDyn+ -FP.
(f.8) We found that the class of all trajectories U•(k), obtained by varying the un-
derlying UDyn(k), are of special importance: The trajectories in this class, and only those,
restore split-symmetry in the IR, being at the same time asymptotically safe. This explains
the relevance of the running UV attractor to the problem of split-symmetry restoration.
(G) Performing a detailed comparison of the single- and the bi-metric Einstein-Hilbert trun-
cation we found that, quite unexpectedly, the former is a rather precise approximation to
the latter in the vicinity of the non-Gaussian fixed point. In the far IR the split-symmetry
restoring trajectories, by construction, give rise to another regime in which the two trunca-
tions agree well. However, in between there are strong qualitative differences, for instance
with respect to the sign of the dynamical anomalous dimension ηDyn. Furthermore, the quan-
titative differences of the critical exponents in both settings are quite significant, despite the
‘miraculous’ precision of the single-metric truncation near the NGFP. They clearly show
the limitations of the single-metric approximation. Results from an independent calculation
using the TT-decomposition techniques [39] support these findings.
(H) As a concrete application of the bi-metric flow in d = 4 we computed the running
spectral dimension Ds(k) of the emergent fractal spacetimes according to the definition
proposed in [63]. We found that the bi- and single-metric results agree on all universal
predictions this definition can give rise to, namely the formation of plateaus on which Ds(k)
assumes the values Ds = 4, Ds = 4/3, and Ds = 2, respectively.
(I) We saw that in d = 3 the bi-metric flow is very similar to the one in d = 4, even though
the classical Einstein-Hilbert theory in d = 3 has no propagating modes. This makes it
particularly clear that, in any dimension, due to the off-shell nature of the EAA not only
the ‘radiative’ field modes but also the ‘coulombic’ ones play an important role in driving
the RG evolution. This is in accord with the physical picture of ‘paramagnetic dominance’
put forward in [50, 51].
21Note that numerically constructing the trajectory reaching (Attr)B(kIR) involves fine-tuning, in the
sense that the desired final point is IR repulsive in both B-directions. From this perspective the UV attractor
is better called an ‘IR repeller’.
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(J) The most striking and even qualitatively essential discrepancies between the single-
and the bi-metric predictions we encountered in the leading order of the ε-expansion about
two dimension (d = 2 + ε, ε > 0). Disentangling metric /ghost and dia- /paramagnetic
contributions, both the anomalous dimension ηDyn and its single-metric approximation ηsm
are characterized by 4 separately universal coefficients. All 4 of them were found to disagree
between ηDyn and ηsm. Thus, contrary to the single-metric prediction, the bi-metric RG
flow possesses no NGFP at positive Newton constant. We were able to show that this
discrepancy and the related strong breaking of split-symmetry are an artifact of the leading
order ε-expansion, which does not generalize to higher dimensions.
9.2 Conclusions and outlook
The main message of the present investigations for future work on the Asymptotic
Safety program is quite clear: From a certain degree of precession onward it seems to make
little sense to keep including further invariants in the truncation ansatz that are built from
the dynamical metric alone. Rather, to the same extent we allow the effective average action
to depend on gµν in a more complicated way, also its dependence on the background metric
g¯µν must be generalized. While the picture conveyed by the single-metric truncations is qual-
itatively correct often, they are certainly insufficient for quantitatively precise calculations,
the determination of critical exponents for example.
Taking the bi-metric structure of the EAA seriously we find ourselves in a situation
which is very widespread in quantum field theory: One starts from a classical field theory with
a certain symmetry, tries to quantize it, thereby discovers that some sort of regularization
is needed, then picks a regulator which spoils the symmetry, perhaps because there exists
no invariant regularization, and finally after the quantization one tries to re-establish this
symmetry at the observable level, or close to it. A well known example of this situation is
the quantization of the electromagnetic field in a scheme which violates gauge invariance.
Computing radiative corrections one then might encounter a non-zero photon mass at the
intermediate steps of the calculation. At the end, however, it must always be possible to
choose the bare parameters in such a way that the renormalized, physical photon mass turns
out exactly zero.
In quantum gravity, the background quantum split-symmetry should be seen as anal-
ogous to gauge invariance in this example. Split-symmetry is a formal way to express the
arbitrariness of the background on which we quantize the metric fluctuations, and unbroken
split-symmetry is tantamount to Background Independence. The effective average action
is not invariant per se, but the space of RG trajectories contains special solutions which
re-establish split-symmetry at the physical level.
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In this paper we showed explicitly that the restoration of split-symmetry is indeed
possible, and how it can be achieved in practice. In future bi-metric analyses of Quantum
Einstein Gravity this will always be a central and important step. The analogy with the
photon mass makes it very clear that the implementation of split-symmetry deserves con-
siderable attention since otherwise we never can be sure to deal with the right ‘universality
class’. After all, comparing QEG to the familiar matter field theories on flat space, its most
momentous distinguishing feature is Background Independence; it implies in particular the
necessity of an ab initio derivation of the arena all non-gravitational physics takes place
in, namely spacetime. Clearly this has much more profound consequences for the general
structure of the theory than its notorious perturbative non-renormalizability, for example,
which shows up at a secondary technical level only.
Acknowledgment: We are grateful to Andreas Nink for a careful reading of the manuscript.
88
Appendix
A Beta-functions for all spacetime dimensions
In this appendix, we list the beta-functions of all dimensionless couplings for general
spacetime dimension d. The conversion rules relating dimensionless couplings to dimension-
full ones are gIk = G
I
k k
d−2, λIk = Λ
I
k k
−2 for all I ∈ {Dyn, B, (0), (1), (2), · · · }. They entail
the following relations between their scale derivatives:
∂tg
I
k = (d− 2)k(d−2)GIk + kd−2∂tGIk =
(
d− 2 + ηIk
)
gIk ≡ βIg , (A.1a)
∂tλ
I
k = k
−2∂tΛ
I
k − 2k−2ΛIk = k−2∂tΛIk − 2λIk ≡ βIλ (A.1b)
In the following we will list the dimensionless beta-functions in their explicit, d-dependent
form first in the {Dyn,B}, then in the level-description. The threshold functions Φpn (w) and
Φ˜pn (w) which they contain are defined as in ref. [11]. To identify the paramagnetic graviton
and ghost contributions, respectively, the corresponding terms are multiplied by the factors
ρP and ρgh which should be put to unity if this information is not needed. In the first
subsection we allow for arbitrary cutoff shape functions, in the second we specialize for the
‘optimized’ one.
A.1 Arbitrary cutoff shape funtion
The anomalous dimension related to gDyn: The additional term in βDyng that adds to
the canonical k-dependence in eq. (A.1a) is the anomalous dimension ηDyn that encapsu-
lates all the non-trivial contributions generated by the RG flow. In case of the anomalous
dimension for ‘Dyn’-Newton constant, we have to solve an implicit equation to obtain the
corresponding ηDyn, since it also appears on the RHS of the flow equation. It yields
ηDyn(gDyn, λDyn; d) =
BDyn1 (λ
Dyn; d) gDyn
1− BDyn2 (λDyn; d) gDyn
(A.2)
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Here, BDyn1 (λ
Dyn; d) and BDyn2 (λ
Dyn; d) are functions depending on the dynamical cosmologi-
cal constant λDyn only, as well as parametrically on the spacetime dimension d. Their explicit
forms are, for the function in the numerator,
BDyn1 (λ
Dyn; d) =
d
(4π)
d
2
−1
{
− (d−6)(d+1)
6
Φ2(d/2) (−2λDyn)
+
2
3
(d−4)(d+1)
(d−2) λ
DynΦ2(d−2)/2 (−2λDyn)
+ 2 (d−6)(d−1)
(d−2) ρP
[
dΦ3(d+2)/2 (−2λDyn)− Φ2(d/2) (−2λDyn)
]
− 8 (d−4)(d−1)
(d−2) ρP λ
DynΦ3(d/2) (−2λDyn)
}
+
4
(4π)
d
2
−1ρgh
{(
d
3
− 4
(d−2)ρP
)
Φ2(d/2) (0) +
4d
(d−2)ρPΦ
3
(d+2)/2 (0)
}
(A.3)
Likewise the function in the denominator reads:
BDyn2 (λ
Dyn; d) =
d
2(4π)
d
2
−1
{
(d−6)(d+1)
6
Φ˜2(d/2) (−2λDyn)
− 2
3
(d−4)(d+1)
(d−2) λ
Dyn Φ˜2(d−2)/2 (−2λDyn)
− 2 (d−6)(d−1)
(d−2) ρP
[
d Φ˜3(d+2)/2 (−2λDyn)− Φ˜2(d/2) (−2λDyn)
]
+ 8 (d−4)(d−1)
(d−2) ρP λ
Dyn Φ˜3(d/2) (−2λDyn)
}
(A.4)
Notice that in the present truncation the dimensionalities d = 4 and d = 6 play a special
role: in these cases the graviton contributions to BDyn1 and B
Dyn
2 are either all given by terms
with an extra factor of λDyn multiplying the threshold functions, in d = 6, or precisely those
terms are all absent, in d = 4. This pattern is not found in the ghost contributions (which
can be identified by their ρgh factor).
The beta-function of λDyn: The running of the dynamical cosmological constant is gov-
erned by the beta-function
βDynλ (g
Dyn, λDyn; d) = (ηDyn − 2)λDyn + gDyn 4d ρgh
(4π)
d
2
−1 Φ
2
(d+2)/2 (0) (A.5)
+ gDyn
(d+ 1)
(4π)
d
2
−1
{
2(d− 4)λDyn q2(d/2) (−2λDyn)− (d−6)d2 q2(d+2)/2 (−2λDyn)
}
Note that the non-canonical graviton contributions on the RHS of (A.5) show the same
property as discussed above: they are proportional to either (d− 4)λDyn or (d− 6).
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Together with eq. (A.4), eq. (A.5) gives rise to a closed system of two coupled differ-
ential equations which can be solved independently of the other equations.
The anomalous dimension related to gB: The non-canonical k-dependence of the
background Newton constant is given by the anomalous dimension
ηB(gDyn, λDyn, gB; d) = (A.6)
=
d
(4π)
d
2
−1
{
(d+ 1)
3
q1(d−2)/2 (−2λDyn)−
2
3
(d−4)(d+1)
(d−2) λ
Dyn q2(d−2)/2 (−2λDyn)
+
(
(d−6)(d+1)
6
− 8 (d−1)
(d−2)ρP
)
q2(d/2) (−2λDyn)
+ 8 (d−4)(d−1)
(d−2) ρP λ
Dyn q3(d/2) (−2λDyn)
− 2 (d−6)(d−1)d
(d−2) ρP q
3
(d+2)/2 (−2λDyn)
}
gB
− 4
(4π)
d
2
−1ρgh
{
d
3
Φ1(d−2)/2 (0) +
(
d
3
+ 2(d−4)
(d−2) ρP
)
Φ2(d/2) (0) +
4d
(d−2)ρPΦ
3
(d+2)/2 (0)
}
gB
The property found of ηDyn concerning its λDyn-dependence in d = 4 and d = 6 is only
partially shared by ηB; there are contributions from the graviton sector that neither drop
out for d = 4 nor for d = 6.
The beta-function of λB: The last member in the hierarchicy of the differential system
is the cosmological constant λB, which does not influence - but in turn shows a dependence
on - all the other 3 couplings. Its beta-function is given by
βBλ (g
Dyn, λDyn, gB, λB; d) = (ηB − 2)λB − 4d
(4π)
d
2
−1ρgh
{
Φ1(d/2) (0) + Φ
2
(d+2)/2 (0)
}
gB
+
(d+ 1)
(4π)
d
2
−1
{
d q1(d/2) (−2λDyn)− 2(d− 4)λDyn q2(d/2) (−2λDyn) + (d− 6)
d
2
q2(d+2)/2 (−2λDyn)
}
gB
(A.7)
At this point all 4 RG equations of the Dyn-B system are fully specified.
In the level language, the Dyn beta-functions provide the beta-functions at all higher
levels p = 1, 2, 3, · · ·
η(p) = ηDyn and β
(p)
λ = β
Dyn
λ for all p ≥ 1.
What is special are the level-(0) couplings. They are governed by combinations of the ‘B’
and ‘Dyn’ beta-functions.
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The anomalous dimension related to g(0): The anomalous dimension of the level-(0)
Newton coupling fulfills
η(0)
g(0)
=
ηDyn
gDyn
+
ηB
gB
,
from which, using eqs. (A.4) and (A.6), it follows that
η(0) = +
2 d
(4π)
d
2
−1
{
(d+ 1)
6
q1(d−2)/2 (−2λDyn)− (d− 1)ρP q2(d/2) (−2λDyn)
}
g(0)
− 4
(4π)
d
2
−1ρgh
{
d
3
Φ1(d−2)/2 (0) + 2ρPΦ
2
(d/2) (0)
}
g(0) (A.8)
For notational consistency, one should identify λDyn = λ(1) = λ(2) = · · · on the RHS of this
equation.
As a check on our calculation, we mention that if instead we identify ηDyn = η(0) and
λDyn = λ(0) in the qpn (−2λDyn) functions we reobtain precisely the anomalous dimension of the
single-metric truncation found in [11], η(0) = ηsm, as it should be. (See also Section 6)
The beta-function of λ(0): For the cosmological constant at level-(0) one finds
β
(0)
λ = (η
(0) − 2)λ(0) + g(0) d(d+ 1)
(4π)
d
2
−1 q
1
(d/2) (−2λDyn)− g(0)
4d
(4π)
d
2
−1ρghΦ
1
(d/2) (0) (A.9)
where λDyn = λ(1) = λ(2) = · · · in the present truncation. Again, it can be checked that
β
(0)
λ gives rise to precisely the single-metric beta-function β
sm
λ , obtained in [11] if instead we
make the identification ηDyn = η(0) and λDyn = λ(0).
A.2 Optimized cutoff shape function
The ‘optimized’ shape function [49] is given by R(0)(z) = (1− z)θ(1− z) and allows for
an explicit evaluation of the treshold-functions:
Φpn (w) =
1
Γ(n+ 1)
(
1 + w
)−p
, and Φ˜pn (w) =
1
Γ(n+ 2)
(
1 + w
)−p
(A.10)
In the following we list the beta-functions in general spacetime dimensions d within this
optimized scheme.
The anomalous dimension related to gDyn: The key ingredients for the anomalous di-
mension ηDyn in the Dyn-sector, eq. (A.2), are the functions BDyn1 (λ
Dyn; d) and BDyn2 (λ
Dyn; d)
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given by (A.3) and (A.4), respectively. In the optimized scheme they are obtained upon in-
serting (A.10) into (A.3):
BDyn1 (λ
Dyn; d) =
(1− 2λDyn)−2
(4π)
d
2
−1 Γ(d/2)
{
− (d+1)
3
(
(d− 6)− 2 (d−4)d
d−2 λ
Dyn
)
+ 4
(d− 1)
(d+ 2)
(
(6− d) + 2(d+ 2)λDyn
)
(1− 2λDyn) ρP
}
+
8
(
1
3
+ 4
d(d+2)
ρP
)
(4π)
d
2
−1Γ(d/2)
ρgh (A.11a)
BDyn2 (λ
Dyn; d) =
d(1− 2λDyn)−2
(4π)
d
2
−1Γ(d/2 + 1)
{
(d−6)(d+1)
6(d+2)
− 1
3
(d−4)(d+1)
(d−2) λ
Dyn + 2 (d−6)(d−1)
(d−2)(d+2)ρP
− 4(d− 1)
(d− 2)(d+ 2)
(
(d−6)d
(d+4)
− 2(d− 4)λDyn
)
(1− 2λDyn) ρP
}
(A.11b)
If we are not interested in distinguishing the paramagnetic from diamagnetic terms, and ghost
from metric contributions, we may set ρgh = 1 = ρP. This yields the following simplified
expressions:
BDyn1 (λ
Dyn; d) =
(1− 2λDyn)−3
3 (4π)
d
2
−1 Γ(d/2)
{
− (d− 7)(d− 6)(d− 2)
(d+ 2)
+
4(d3 − 11d2 + 18d− 6)
(d− 2) λ
Dyn
− 4d(d− 4)(d+ 1)
(d− 2) λ
Dyn2
}
+
8
(
1
3
+ 4
d(d+2)
)
(4π)
d
2
−1Γ(d/2)
(A.12a)
BDyn2 (λ
Dyn; d) =
d(1− 2λDyn)−3
3 (4π)
d
2
−1Γ(d/2 + 1)
{
(d− 6)(d3 − 9d2 + 54d− 56)
2(d2 − 4)(d+ 4) (A.12b)
− 2(d
3 − 10d2 + 15d− 10)
(d2 − 4) λ
Dyn +
2(d− 4)(d+ 1)
(d− 2) λ
Dyn2
}
The beta-function of λDyn: The beta-function of eq. (A.6) for the cosmological constant,
in the optimized scheme, looks as follows:
βDynλ (g
Dyn, λDyn; d) = (ηDyn − 2)λDyn + 4d ρgh g
Dyn
(4π)
d
2
−1Γ(d/2 + 2)
(A.13)
+
2(d+ 1) gDyn
(4π)
d
2
−1dΓ(d/2)(1− 2λDyn)2
{
2(d− 4)λDyn
(
1− ηDyn
(d+2)
)
− (d−6)d
(d+2)
(
1− ηDyn
(d+4)
)}
The reduction to ρgh = 1 = ρP is omitted here, since this expression contains no factor of
ρP, and ρgh occurs only trivially in the second term on the RHS. So no further simplification
can be achieved.
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The anomalous dimension related to gB: Eq. (A.7) for the choice (A.10) results in
ηB(gDyn, λDyn, gB; d) = (A.14)
=
(1− 2λDyn)−1
(4π)
d
2
−1Γ(d/2)
{
(d+1)
3
(d− ηDyn)− 2
3
(d−4)(d+1)
(d−2) λ
Dyn (d− ηDyn)
(1− 2λDyn)
+
(
(d−6)(d+1)
3
− 16 (d−1)
(d−2)ρP
) (1− ηDyn/(d+ 2))
(1− 2λDyn)
+ 16 (d−4)(d−1)
(d−2) ρP λ
Dyn (1− ηDyn/(d+ 2))
(1− 2λDyn)2
− 8 (d−6)(d−1)d
(d2−4) ρP
(1− ηDyn/(d+ 4))
(1− 2λDyn)2
}
gB
− 4
(4π)
d
2
−1Γ(d/2)
ρgh
{
(d+ 2)
3
+
4(d+ 4)
d(d+ 2)
ρP
}
gB
This lengthy expression reduces slightly when we switch off the separation given by the
ρ-parameters. For ρgh = 1 = ρP we obtain
ηB(gDyn, λDyn, gB; d) = (A.15)
=
(1− 2λDyn)−1
(4π)
d
2
−1Γ(d/2)
{
(d+1)
3
(d− ηDyn)− 2
3
(d−4)(d+1)
(d−2) λ
Dyn (d− ηDyn)
(1− 2λDyn)
+
(
(d−6)(d+1)(d−2)−16(d−1)
3(d−2)
) (1− ηDyn/(d+ 2))
(1− 2λDyn)
+ 16 (d−4)(d−1)
(d−2) λ
Dyn (1− ηDyn/(d+ 2))
(1− 2λDyn)2 − 8
(d−6)(d−1)d
(d2−4)
(1− ηDyn/(d+ 4))
(1− 2λDyn)2
}
gB
− 4
(4π)
d
2
−1Γ(d/2)
(
d3 + 4d2 + 16d+ 48
3d(d+ 2)
)
gB
The last term of (A.15) contains the ghost contributions.
The beta-function of λB: For the cosmological constant in the B-sector we only write
down the result prior to setting ρgh = 1:
βBλ (g
Dyn, λDyn, gB, λB; d) = (ηB − 2)λB − 8(d+ 4)ρgh
(4π)
d
2
−1(d+ 2)Γ(d/2)
gB (A.16)
+
(d+ 1)(1− 2λDyn)−2
(4π)
d
2
−1Γ(d/2 + 1)
{
2d
(d+2)
(
(d− 2)− (d−1)
(d+4)
ηDyn
)
− 4(d− 2) (1− ηDyn/(d+ 2))λDyn
}
gB
This completes the list of beta-functions in the {Dyn,B}-description.
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The anomalous dimension related to g(0): For the above made choice of the shape
function the anomalous dimension for g(0) assumes the form
η(0) = +
2 (1− 2λDyn)−1
(4π)
d
2
−1Γ(d/2)
{
(d+ 1)
6
(d− ηDyn)− 2(d− 1)
(d+ 2)
((d+ 2)− ηDyn)
(1− 2λDyn) ρP
}
g(0)
− 4
(4π)
d
2
−1Γ(d/2)
ρgh
{
d
3
+
4
d
ρP
}
g(0) (A.17)
Setting ρgh = 1 = ρP this further simplifies to
η(0) =
4
(4π)
d
2
−1Γ(d/2)
{
(d+ 1)
12
(d− ηDyn)
(1− 2λDyn) −
(d− 1)
(d+ 2)
((d+ 2)− ηDyn)
(1− 2λDyn)2 −
(
d2 + 12
3d
)}
g(0)
(A.18)
which can also be derived using the identity η(0)/g(0) = ηB/gB + ηDyn/gDyn directly.
The beta-function of λ(0): For the scale-dependence of the cosmological constant λ(0) we
have to consult eq. (A.9) which yields
β
(0)
λ = (η
(0) − 2)λ(0) + g(0)
d
2
(d+ 1)
(4π)
d
2
−1Γ(d/2 + 2)
(
(d+ 2)− ηDyn
)
(1− 2λDyn) − g
(0) 4d ρgh
(4π)
d
2
−1Γ(d/2 + 1)
(A.19)
Omitting the separation given by the ρ-parameters we find
β
(0)
λ = (η
(0) − 2)λ(0) + g(0)
d
2
(
(d− 3 + 8λDyn)(d+ 2)− (d+ 1)ηDyn
)
(4π)
d
2
−1Γ(d/2 + 2)(1− 2λDyn) (A.20)
The higher level beta-functions are described by the Dyn couplings given in eqs.
(A.11a), (A.11b) and (A.13).
A.3 The semiclassical approximation
In this appendix we present an explicit solution to the RG equations which is valid
approximately provided gIk ≪ 1 and λDynk ≪ 1. (The magnitude of λBk plays no role for the
validity.) We refer to it as the semiclassical approximation since in an (k/mPl)-expansion
it describes the leading deviations from the strictly classical behavior with exactly constant
dimensionful couplings GIk ≡ GI0 and ΛIk ≡ ΛI0, respectively.
Newton constants. The k-dependence of the Newton constants is covered by the cor-
responding anomalous dimension: k∂kG
I
k = η
I GIk for I ∈ {Dyn, B, (0)}. If gIk ≪ 1 we
may expand in gIk and retain the linear term only. Returning to dimensionful variables all
anomalous dimensions have the following form then:
ηI = BI1(Λ
Dyn
k /k
2)GIk (A.21)
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The solution to the ensuing RG equation with initial conditions posed at k = 0 is given by
1
GIk
=
1
GI0
−
∫ k
0
dk′BI1(Λ
Dyn
k /k
′ 2) k′ (d−1) (A.22)
The next step in the approximation consists in expanding the integrand of (A.22) in small
values of λDynk ≡ ΛDynk /k2. In the lowest order we have BI1(ΛDynk /k2) = BI1(0) +O(ΛDynk /k2)
for which the integration can be performed easily. Thus to leading order for gIk ≪ 1 and
λDynk ≪ 1:
GIk =
GI0
1 + ωId G
I
0 k
d−2 = G
I
0
[
1− ωId GI0 kd−2
]
(A.23)
Here we have defined the coefficients ωId ≡ −BI1(0)/(d − 2) which are analogous to those
in [11] and its later generalizations.
For the Dyn Newton coupling the coefficient ωDynd follows from (A.3):
ωDynd =
1
(4π)
d
2
−1
{
(d4−7d3+4d2+12d)−8d(d−2)ρgh
6(d−2)2 Φ
2
(d/2) (0)−
2d
(
(d−6)(d−1)d+8ρgh
)
(d−2)2 ρPΦ
3
(d+2)/2 (0)
}
,
ωDynd =
1
(4π)
d
2
−1
{
(d3+7d2−74d−48)
6(d−2) Φ
2
(d/2) (0)− d(2d
2−10d−8)
(d−2) Φ
3
(d+2)/2 (0)
}
(A.24)
The first equation contains the separation between contributions of different origin, the
second relaxes this division and sets ρgh = 1 = ρP. For the B Newton constant, we find from
eq. (A.6), with and without the ρ-factors, respectively:
ωBd =
1
(4π)
d
2
−1
{
− (d(d+1)−4dρgh)
3(d−2) Φ
1
(d−2)/2 (0) +
2d((d−6)(d−1)d+8ρgh )ρP
(d−2)2 Φ
3
(d+2)/2 (0)
− (d−2)d((d−5)d−6−8ρgh )−48((d−1)+(d−4)ρgh )ρP
6(d−2)2 Φ
2
(d/2) (0)
}
(A.25)
ωBd =
1
(4π)
d
2
−1
{
− d(d−3)
3(d−2) Φ
1
(d−2)/2 (0)− (d
3−7d2+74d+48)
6(d−2) Φ
2
(d/2) (0) +
d(2d2−10d−8)
(d−2) Φ
3
(d+2)/2 (0)
}
In the level description the ω-coefficient is determined by eq. (A.8):
ω
(0)
d =
2
(4pi)
d
2
−1
{
− d(d+ 1− 4ρgh)
3(d− 2) Φ
1
(d−2)/2 (0) +
2(d(d−1)+4ρgh)
(d−2) ρPΦ
2
(d/2) (0)
}
ω
(0)
d =
2
(4pi)
d
2
−1
{
− d(d− 3)
6(d− 2) Φ
1
(d−2)/2 (0) +
(d2−d+4)
(d−2) Φ
2
(d/2) (0)
}
(A.26)
In the last equation we set again ρgh = 1 = ρP to simplify the result.
Cosmological constants. The RG equations for all cosmological constants λIk occuring in
the present truncation have the structure
∂tλ
I
k =
(
ηI − 2
)
λIk + A
I(λDynk , g
Dyn
k ) g
I
k (A.27)
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where AI(λDynk , g
Dyn
k ) ≡ AI1(λIk)− 12ηDynAI2(λIk). Here we define AI1 ≡ AI(λDynk )
∣∣∣
ηDyn=0
to be
the contribution that remains after omitting ηDyn on the RHS of the flow equations. The
dimensionful analog of eq. (A.27) can be solved formally to yield
ΛIk
GIk
=
ΛI0
GI0
+
∫ k
0
dk′AI(λDynk′ , g
Dyn
k′ ) k
′d−1 (A.28)
For λDynk ≪ 1 we expand AI1(ΛDynk /k2) = AI1(0)+O(ΛDynk /k2) and solve the integral to leading
order. Furthermore, we also insert the approximate result for Newtons coupling (A.23) into
eq. (A.28). We finally obtain
ΛIk =
GIk
GI0
(
ΛI0 + ν
I
d G
I
0 k
d +O(ΛDyn0 /k2)
)
= ΛI0 + ν
I
d G
I
0 k
d +O(ΛDyn0 /k2, GI 20 kd−2) (A.29)
whereby we defined the coefficients νId ≡ AI1(0)/d, again following the conventions used in
earlier publications [68].
For the Dyn cosmological constant νId can be deduced from eq. (A.5):
νDynd = −
1
(4π)
d
2
−1
{
(d−6)
2
(d+ 1)− 4ρgh
}
Φ2(d+2)/2 (0) ,
νDynd = −
(d− 7)(d+ 2)
2(4π)
d
2
−1 Φ
2
(d+2)/2 (0) (A.30)
For the B cosmological coupling we find from eq. (A.7)
νBd =
1
(4π)
d
2
−1
{(
(d+ 1)− 4ρgh
)
Φ1(d/2) (0)−
(
(d−6)
2
(d+ 1)− 4ρgh
)
Φ2(d+2)/2 (0)
}
,
νBd =
1
(4π)
d
2
−1
{
(d− 3)Φ1(d/2) (0)− (d−7)(d+2)2 Φ2(d+2)/2 (0)
}
(A.31)
and in the level-description we obtain from eq. (A.9):
ν
(0)
d =
1
(4π)
d
2
−1
{
(d+ 1)− 4ρgh
}
Φ1(d/2) (0) ,
ν
(0)
d =
(d− 3)
(4π)
d
2
−1 Φ
1
(d/2) (0) (A.32)
As always, the first equation of the above pairs retains arbitrary ρ’s, while the second is the
true final result with ρgh = 1 = ρP.
A.4 Expanded beta-functions in d = 2+ ε
Besides the most relevant spacetime dimension d = 4, it is instructive to consider the
case of d = 2+ε. Here, we can study the dynamical effects that add to the trivial topological
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2-dimensional theory by ‘turning on’ ε. The results we obtain give rise to certain universal
terms that can be ascribed to the universal value Φn+1n (0) = 1/Γ(n+1) which is obtained for
any shape function R(0). In the sequel we display the beta-functions obtained by inserting
d = 2 + ε into the general results and expanding in ε, thereby discarding contributions of
order ε and higher. If the limit ε→ 0 is finite, the result is a single term of order ε0, if not,
there will be additional pole terms in 1/ε.
The anomalous dimension related to gDyn: Instead of giving the full expression of
the anomalous dimension ηDyn, it is more useful for further investigations to present the
numerator and denominator functions BDyn1,2 expanded in ε separately. We obtain for the
numerator in eq. (A.2):
BDyn1 (λ
Dyn) = −8
ε
{
2Φ32 (−2λDyn)− 2ρP(Φ21 (−2λDyn) + λDyn
(
Φ20 (−2λDyn)− 2Φ31 (−2λDyn)
)}
− 4
3
{
− 2ρgh(1 + 3ρP)− λDyn(−2 + log(64π3))Φ20 (−2λDyn) (A.33)
+ 3
(
− 1 + ρP(−5 + log(16π2))
)
Φ21 (−2λDyn)
+ 3
[
4λDynρP(−2 + log(4π))Φ31 (−2λDyn) + λDynΦ2 (0,1,0)0 (−2λDyn)
− 2ρP
(
(−7 + log(16π2))Φ32 (−2λDyn)− ρghΦ2 (0,1,0)1 (0)
+ 2λDynΦ3 (0,1,0)1 (−2λDyn) + 2ρghΦ
3 (0,1,0)
2 (0)
+ Φ2 (0,1,0)1 (−2λDyn)− 2Φ3 (0,1,0)2 (−2λDyn)
)]}
+O(ε)
We see that BDyn1 gives rise to a Laurent series with a singular part ∝ 1/ε. The function
that appears in the denominator of (A.2) assumes the form
BDyn2 (λ
Dyn) =
4
ε
{
2Φ32 (−2λDyn)− 2ρP(Φ21 (−2λDyn) + λDyn
(
Φ20 (−2λDyn)− 2Φ31 (−2λDyn)
)}
+
2
3
{
− λDyn(−2 + log(64π3))Φ20 (−2λDyn) (A.34)
+ 3
(
− 1 + ρP(−5 + log(16π2))
)
Φ21 (−2λDyn)
+ 3
[
4λDynρP(−2 + log(4π))Φ31 (−2λDyn) + λDynΦ2 (0,1,0)0 (−2λDyn)
− 2ρP
(
(−7 + log(16π2))Φ32 (−2λDyn) + 2λDynΦ3 (0,1,0)1 (−2λDyn)
+ Φ2 (0,1,0)1 (−2λDyn)− 2Φ3 (0,1,0)2 (−2λDyn)
)]}
+O(ε)
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Obviously BDyn2 , too, is again divergent in ε. However, due to the relation η
Dyn =
BDyn1 (λ
Dyn;2+ε) gDyn
1−BDyn2 (λDyn;2+ε) gDyn
,
the anomalous dimension is finite in the limit ε→ 0:
ηDyn(gDyn, λDyn) (A.35)
= 2
ρP
(
Φ21 (−2λDyn)− 2Φ32 (−2λDyn) + 2λDynΦ31 (−2λDyn)
)
− 2λDynΦ20 (−2λDyn)
ρP
(
Φ˜21 (−2λDyn)− 2Φ˜32 (−2λDyn) + 2λDynΦ˜31 (−2λDyn)
)
− 2λDynΦ˜20 (−2λDyn)
+O(ε)
The beta-function of λDyn: The running of the Dyn cosmological constant expanded in
terms of ε is given by
βDynλ (g
Dyn, λDyn) = (ηDyn − 2)λDyn + 8 ρghΦ22 (0) gDyn (A.36)
+ 3
(
− 4 λDyn q21 (−2λDyn) + 4q22 (−2λDyn)
)
gDyn +O(ε)
Notice that the anomalous dimension in the beta-function has to be understood as the
expanded version of eq. (A.35).
The anomalous dimension related to gB:
ηB(gDyn, λDyn, gB) =
8
ε
{
4q32 (−2λDyn)− 2ρPΦ21 (−2λDyn) + λDyn
(
q20 (−2λDyn)− 4q31 (−2λDyn)
)}
gB
− 1
3
{
4λDyn(−2 + log(64π3))q20 (−2λDyn)− 6q10 (−2λDyn)
+ 12
(
1− 2ρP(−3 + log(4π))
)
q21 (−2λDyn) (A.37)
− 12
[
4λDynρP(−2 + log(4π))q31 (−2λDyn) + λDynΦ2 (0,1,0)0 (−2λDyn)
− 2ρP
(
(−7 + log(16π2))q32 (−2λDyn) + 2λDynq3 (0,1,0)1 (−2λDyn)
+ q2 (0,1,0)1 (−2λDyn)− 2q3 (0,1,0)2 (−2λDyn)
)]
+ 8
(
2 + ρP
(
6− 3q2 (0,1,0)1 (0) + 6q3 (0,1,0)2 (0)
))
ρgh
}
+O(ε)
This series contains a divergent part ∝ 1/ε for the anomalous dimension ηB itself. It happens
to vanish however for λDyn = 0.
The beta-function of λB:
βBλ (g
Dyn, λDyn, gB, λB) = (ηB − 2)λB − 8ρgh
(
Φ11 (0) + Φ
2
2 (0)
)
gB (A.38)
+ 3
(
2 q11 (−2λDyn) + 4 λ
Dyn q21 (−2λDyn)− 4q22 (−2λDyn)
)
gB +O(ε)
Notice that while βBλ contains no explicit 1/ε-poles the anomalous dimension η
B to be used
in (A.38) does have such poles.
99
The anomalous dimension related to g(0):
η(0)(g(p), λ(p)) (A.39)
= 2
(
q10 (−2λDyn)− 2ρP q21 (−2λDyn)
)
g(0) − 4ρgh
(
2
3
+ 2ρP
)
g(0) +O(ε)
The beta-function of λ(0):
β
(0)
λ (g
(p), λ(p)) = (η(0) − 2)λ(0) + 6 q11 (−2λDyn) g(0) − 8ρghΦ11 (0) g(0) +O(ε) (A.40)
Note that in the level-description neither η(0) nor β
(0)
λ has explicit 1/ε-poles.
A.5 Dimension (d = 3)
Next, we apply the results of Appendix A to the special case of d = 3. We proceed in
the usual manner, starting with the Dyn couplings, then consider the B-sector, and finally
take a look at the language description of the beta-functions.
The anomalous dimension related to gDyn: The structure of the anomalous dimension
follows eq. (A.2), with the numerator function
BDyn1 (λ
Dyn; 3) =
3
2
√
π
{
(2 + 12ρP) Φ
2
3/2 (−2λDyn) + 16ρP λ
DynΦ33/2 (−2λDyn)
− 8
3
λDynΦ21/2 (−2λDyn)− 36ρP Φ35/2 (−2λDyn)
}
+
2√
π
ρgh
{(
1− 4ρP
)
Φ23/2 (0) + 12ρPΦ
3
5/2 (0)
}
(A.41)
We see that BDyn1 receives contributions of both gravitons and ghosts, of both dia- and
para-magnetic nature. The denominator function BDyn2 is unaffected by the ghosts:
BDyn2 (λ
Dyn; 3) =
3
4
√
π
{
(2 + 12ρP) Φ˜
2
3/2 (−2λDyn) + 16ρP λ
Dyn Φ˜33/2 (−2λDyn)
− 8
3
λDyn Φ˜21/2 (−2λDyn)− 36ρP Φ˜35/2 (−2λDyn)
}
(A.42)
The beta-function of λDyn:
βDynλ (g
Dyn, λDyn; 3) = (ηDyn − 2)λDyn + gDyn6 ρgh√
π
Φ25/2 (0) (A.43)
+ gDyn
1√
π
{
− 4 λDyn q23/2 (−2λDyn) + 9q25/2 (−2λDyn)
}
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The anomalous dimension related to gB:
ηB(gDyn, λDyn, gB; 3) =
3
2
√
π
{
4
3
q11/2 (−2λDyn) +
8
3
λDyn q21/2 (−2λDyn)−
(
2 + 16ρP
)
q23/2 (−2λDyn)
− 16ρP λDyn q33/2 (−2λDyn) + 36 ρP q35/2 (−2λDyn)
}
gB
− 2√
π
ρgh
{
Φ11/2 (0) +
(
1− 2ρP
)
Φ23/2 (0) + 12ρPΦ
3
5/2 (0)
}
gB (A.44)
The beta-function of λB:
βBλ (g
Dyn, λDyn, gB, λB; 3) = (ηB − 2)λB − 6√
π
ρgh
{
Φ13/2 (0) + Φ
2
5/2 (0)
}
gB (A.45)
+
1√
π
{
6 q13/2 (−2λDyn) + 4 λ
Dyn q23/2 (−2λDyn)− 9q25/2 (−2λDyn)
}
gB
The anomalous dimension related to g(0):
η(0)(g(p), λ(p); 3) = +
3√
π
{
2
3
q11/2 (−2λDyn)− 2ρP q23/2 (−2λDyn)
}
g(0)
− 2√
π
ρgh
{
Φ11/2 (0) + 2ρPΦ
2
3/2 (0)
}
g(0) (A.46)
The beta-function of λ(0):
β
(0)
λ (g
(p), λ(p); 3) = (η(0) − 2)λ(0) + g(0) 6√
π
q13/2 (−2λDyn)− g(0)
6√
π
ρghΦ
1
3/2 (0) (A.47)
In the level-description, the RG equations for the higher couplings (p ≥ 1) involve η(p) = ηDyn
and β
(p)
λ = β
Dyn
λ .
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